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Abstract
Knot placement for curve approximation is a well known and yet open problem in geometric modeling. Selecting knot values
that yield good approximations is a challenging task, based largely on heuristics and user experience. More advanced approaches
range from parametric averaging to genetic algorithms.
In this paper, we propose to use Support Vector Machines (SVMs) to determine suitable knot vectors for B-spline curve
approximation. The SVMs are trained to identify locations in a sequential point cloud where knot placement will improve the
approximation error. After the training phase, the SVM can assign, to each point set location, a so-called score. This score is
based on geometric and differential geometric features of points. It measures the quality of each location to be used as knots in
the subsequent approximation. From these scores, the final knot vector can be constructed exploring the topography of the scorevector without the need for iteration or optimization in the approximation process. Knot vectors computed with our approach
outperform state of the art methods and yield tighter approximations.
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Introduction

Finding a good knot vector for curve approximation is a common problem in many applications such as geometric modeling, data
fitting or reverse engineering. The reverse engineering process usually starts with a sampled physical object represented by a set of
points. For this point set, a corresponding CAD representation needs to be reconstructed. After pre-processing and segmentation
steps, a B-spline approximation of the point set, or parts of it, is computed. For this approximation, the data points, parameter
values for the data points, the B-spline degree, and an appropriate knot vector are required. The goal is to find knot vectors
consisting of as few knots as possible while minimizing the deviation of the approximating B-spline curve to the original dataset.
Usually, an error bound has to be satisfied to guaranty a sufficient approximation quality. Since the number of control points is
determined by the number of knots (and the degree), the number of knots is particularly important if the resulting curves will be
further processed manually.
Because there are many unknowns in the approximation process, we propose to compute the knot vector using machine
learning methods. We train support vector machines (SVMs) to classify locations along a set of points for their fitness as knots
in the parameter domain. This fitness is measured in terms of the approximation error. For training and classification, we use
a feature vector that concentrates information about a point cloud’s geometric structure. After training, the SVMs assign a
score to each point of a point set based on its local point neighborhood. This score assesses each point location’s impact on the
approximation error if used as an additional knot. The topography of this score along the point set yields the final knot vector.
Since optimization is only done during the training of the SVM, our knot placement approach does not involve an optimization
or iteration process during the actual approximation task. Compared to state of the art methods for knot vector computation
our method generates tighter approximations.
The sections of the paper are arranged as follows. Section 2 gives an overview of the related works. The required preliminaries
for the score-based knot placement are given in Section 3. In Section 4 we present our score-based knot placement approach.
Results are discussed in Section 5.
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Related works

Knot placement for curve approximation to a given error bound typically is an iterative process. This process starts with an
empty or full knot vector and then iteratively adds or removes knots until a certain threshold is satisfied. Examples for knot
removal are the methods by Lyche [17, 18].
Adding suitable knots is either done by instant computation of new knot positions or by using optimization methods. A
method for instant knot vector computation that uses shape information to determine suitable knot values is [15]. Here Li et al.
use a heuristic rule that is based on an angular measure for knot placement. They introduce new knots so that the curvature
integration of resulting curve segments is balanced. Razdan [23] uses a slightly different approach by first selecting nodes and
then interpolating these nodes by B-spline curves. Razdan also extensively analyzed the impact of different geometric features
for knot vector computation. Another method for instant computation of knot vectors that does not consider geometric features
is the method of Piegl and Tiller [20]. Here parameter values are averaged to generate the knot vectors which lead to a stable
system of equations and an even distribution of knots along the curve.
A well-known optimization based method was introduced by Park and Lee [19]. Their method for knot vector computation
relies upon dominant points. These dominant points are points of special interest in the point set for approximation. Knot
positions are then optimized to balance the inter-segment shape index distance. Techniques for iterative optimization of an initial
knot vector also include methods from non-linear optimization [37, 25, 9]. In [12] Kang et al. treat knot placement as a convex
optimization problem, which results in smaller computational complexity. In [36] Yuan et al. select knots extracting optimal
subsets from a multi-resolution B-spline basis using the Lasso method. There exists also a solid body of work using genetic
algorithms for knot vector optimization [35, 24, 33, 32, 31], meta-heuristics like a firefly algorithm driven approach [7], or elitist
clonal selections [8].
The topic of machine learning has received a lot of attention over the last decade. There exist some insightful publications
for learning methods in the context of reverse engineering and applications to problems in geometric modeling. Lin et al. [16]
propose neural networks for surface reconstruction by 2d images. The outputs of the neural network are the surface normals which
can then be used for illumination tasks. Surface approximation can also be treated as a regression problem. Steinke et al. [28]
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use support vector regression for head reconstruction, hole filling, and outlier removal. They then adept the concept for surface
deformation. Another aspect of reverse engineering is the classification of surface patches by geometric primitives. Arbeiter et al.
[1] used SVMs with point features as well as curvature features to classify surfaces for a small set of geometric primitives including
edges and corners. A similar concept for classification of different surface primitives, e.g. spheres or cylinders, by training support
vector machines using different feature histograms, was proposed in [2].
Our method is related to methods [15, 23, 20], since the knot vector is computed instantly based on geometric features of
a point set. Our method’s advantage is that it is able to instantly recommend new knot positions that yield a near-optimal
improvement of the approximation error, leading to tight approximations with fewer knots. To our knowledge, this is the first
method introducing machine learning for knot vector computation.

3

Preliminaries

In this section, we give a short introduction to B-spline curve approximation and SVMs.

3.1

B-spline curve approximation

Suppose we have given a sequentially arranged set of points p = (p0 , ..., pm ) as in Figures 6a and 7a. Consider a B-spline curve
C(u) =

n
X

cj Njk (u)

j=0

of degree k with control points cj , B-spline functions Nik (u), and a non-decreasing knot vector u = (u0 , . . . , un ) where the knots u0
and un have multiplicity k +1 for end point interpolation. To compute the control points cj of the B-spline curve C approximating
p, the least squares problem
m
X
|pi − C(ti )|2 → min
i=0

with precomputed parameters ti and end points C(t0 ) = c0 = p0 and C(tm ) = cn = pm is solved. This yields the normal equation
(NT N)c = q

(1)

where N is the (m − 1) × (n − 1) matrix
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and
qi = pi − N0k (ti )p0 − Nnk (ti )pm
for i = 1, ..., m − 1. The parameters ti , i = 0, . . . , m, can be precomputed using for example the centripetal parametrization, see
e.g. [14]. They are combined in the parameter vector t = (t0 , . . . , tm ). The control points cj can be computed using (1), if
m−1
X

Nik (tl )Njk (tl ) 6= 0.

(2)

l=1

This is equivalent to the existence of a parameter ti ∈ [uj , uj+1 ] for j = k, ..., n + 1, see e.g. [5]. For our experiments, we used
k = 3.

3.2

Support vector machines

Supervised learning methods are designed to classify new data with respect to a large body of pre-classified training data. The
training data are represented as feature vectors which are chosen to separate the different classes from each other. These features
live in a high-dimensional feature space F . In supervised learning, the objective is to generate separating hyperplanes or more
general hypersurfaces between the classes in feature space. These separating hypersurfaces are then used to classify new input
data by deciding on which side of the separating hypersurfaces the data reside. In the case of SVMs, the additional objective is
to maximize the margin between two classes in relation to their separating hypersurface. Figure 1 illustrates this concept in case
of separating hyperplanes in a two-dimensional feature space. For details on SVMs see [4].
Given a set of n training examples xi with class labels yi ∈ {−1, 1} maximizing the margin between two classes results in
finding the normal vector ω and a bias value b such that
Φ(ω) =

1 t
ω ω
2

(3)

is minimized with respect to the constraints
yi (ω t xi + b) ≥ 1, i = 1, . . . , n.

(4)

For noisy data requiring linear separability might be too restrictive. Thus, slack variables ξi are used to allow for some data
inside or beyond the margin, see Fig. 1. The objective function to minimize now additionally penalizes excessive slack variables
Φ(ω) =

n
X
1 t
ω ω+C
ξi
2
i=1

(5)

with respect to the constraints
yi (ω t xi + b) ≥ 1 − ξi , i = 1, . . . , n.
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(6)

separating hyperplane
slack
margin

score

support vectors

Figure 1: Separating hyperplane, margin, score, support vectors, and slack for a two dimensional feature space.

In (5) C is called the soft margin parameter and ξ the kernel parameter. The minimum of (5) subject to (6) is usually computed
via its dual form using Lagrange multipliers [10]. Then, the Karush-Kuhn-Tucker-conditions imply that
P the weight vector ω can
be represented in terms of the Lagrange multipliers α = (α1 , . . . , αn ) and the training data as ω = n
i=1 αi yi xi . So, instead of
minimizing (5) the resulting Lagrangian
Φ∗ (α) =

n
X

αi −

i=1

n
n
1 XX
αi αj yi yj xti xj .
2 i=1 j=1

(7)

is maximized with respect to the constraints
n
X

0 ≤ αi ≤ C,

αi yi = 0,

i = 1, . . . , n.

i=1

If in the solution αi 6= 0, the corresponding xi is called support vector.
For some problems, the classes cannot be separated by hyperplanes, but only by non-linear hypersurfaces. For this purpose,
the scalar product xti xj is replaced by a so-called kernel K(xi , xj ). The kernel has to be chosen such that it corresponds to a
scalar product in a high-dimensional feature space. We use the Gaussian RBF kernel
K(xi , xj ) = exp(−γkxi − xj k2 ).
With this kernel the classifier for new data x ∈ F is given by sign(mα,b (x)) with the data margin
mα,b (x) =

n
X

αi yi K(xi , x) + b.

(8)

i=1

The score for predicting x in the positive class is mα,b (x), while the score for prediction it in the negative class is −mα,b (x).
Finding parameters C and γ is referred to as model selection. This optimization is usually based on a non-uniform grid search
in the two-dimensional (C, γ)-space. Since model selection requires training data, its description is deferred until Section 4.3.
Thus, a trained SVM is completely determined by the SVM parameters (ω, b, C, γ).
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SVM based knot placement for curve approximation
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Figure 2: Overview of knot vector generation process.
The generation of a knot vector for B-spline curve approximation using SVMs has two major stages. In the first stage, the
SVM is trained. In the second stage, the trained SVM is used to generate knot vectors for every new approximation task. An
overview of this process is shown in Figure 2. Thus, for B-spline curve approximation, the complete process consists of six building
blocks, where blocks 1, 2, 3 make up the training stage while blocks 2, 4, 5 make up the knot placement stage.
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1. Generation of training sets consisting of point sequences (Section 4.2).
2. Local feature extraction for point sequences (Section 4.1).
3. SVM training based on a pre-computed training set and model selection (Section 4.3).
4. Using the trained SVM on feature vectors of new point data for knot classification and score computation (Equation (8)).
5. Score-based knot selection (Section 4.4).
6. Approximation of point set by B-spline curve using (1) (not shown in Figure 2).
The sixth block in the process (i.e. approximation) is used only for the evaluation of the proposed training and knot placement
stages. Its results are discussed in Section 5.

4.1

Geometric features

Machine learning methods need a compact representation of the data. Good representations contain the most discriminatory
features of the data. The data for curve approximation is a point set p = {p0 , . . . , pm }. For each point pi we use a 14-dimensional
i ) based on distances, curvatures, and angles of point pairs. These features encode the geometry
feature vector xi := (f1i , . . . , f14
of the local point neighborhood. Thus, they are symmetric in the sense that flipping the order of points in p has no effect on the
resulting feature vectors.
In the literature, curvature is one of the main indicators for knot placements [36, 23]. This yields three different curvature
based features.
F.1

Curvature f1i = κi at pi . We compute κi =

1
ri

with ri being the radius of the osculating circle at pi estimated by [30].

F.2 & 3 Minimum and maximum of the approximate curvature derivatives to the left and right




∇κi ∆κi
∇κi ∆κi
f2i = min
,
,
f3i = max
,
∇ti ∆ti
∇ti ∆ti
using the forward ∆ and backward ∇ difference operators.
Due to their importance in knot-placement, we also use local curvature maximum (LCM) points to define LCM-based features.
L
L
L
L
The set pL = {pL
0 , . . . , ps } ⊆ p of LCM points contains p0 = p0 and ps = pm . The other LCM points pj = p` are defined as
κ` > max(κ`−1 , κ`+1 )
with
κLCM =

and

κ` ≥ κLCM

m
X
1
κi .
4(m + 1) i=0

We further define an LCM segment as pj = {pj1 , . . . , pjrj }, j = 0, . . . , s − 1 consisting of all rj points pi strictly between pL
j and
pL
,
i.e.
j+1
˙ p0 ∪
˙ ...∪
˙ ps−1 ,
p = pL ∪
j
˙ denotes the disjoint union. Thus, there is a one-to-one correspondence of points pL
where ∪
j and pi to indices {0, . . . , m}. We
j
L
denote their parameters with t(pL
j ) and t(pi ), respectively. Using the parameter values t(pj ) as knots yields B-spline curve
segments with smaller and more uniform distribution of the shape index along curve segments, see [19]. This leads to a better
approximation. Combining LCM points with curvature features gives two further features

F.4

Ratio of the approximate curvature integral over all points p and the approximate curvature integral over points pj with
pi ∈ pj .
Prj
κ` .
.
f4i = P`=0
m
`=0 κ`

F.5

L
Mean curvature of the points pj ∪ {pL
j , pj+1 }.

Li and Xu [15] define a heuristic based on the angle ^(pi−1 , pi , pi+1 ) of three consecutive points. If this angle is smaller than
π/6, the spline curve is locally of small deflection and can be interpolated by a cubic spline curve. Knot vectors generated with
this heuristic yield good approximations. Based on this observation, we define the angular feature:
F.6

j
L
The angle f6i = ^(pL
j , pi , pj+1 ).

Placing knots based on Euclidean or parametric distance proved also effective for curve approximation quality ([19, 23, 21]).
Hence, a third group of features contains distance based features.
L
F.7 & 8 Minimum and maximum of the Euclidean distances of point pji to pL
j and pj+1 .
j
L
F.9 & 10 Minimum and maximum of the approximate arc-lengths between pji and pL
j as well as pi and pj+1 as the sum of
Euclidean distances between all intermediate points.
j
j
L
F.11 & 12 Minimum and maximum of the parametric distances ∆ij = t(pL
j ) − t(pi ) and ∇ij = t(pi ) − t(pj+1 ) relative to the
L
parametric distance of pL
to
p
as
j
j+1
!
!
∆ij
∇ij
∆ij
∇ij
i
i
,
,
,
f
=
max
,
,
f11
= min
12
L
L
∆t(pL
∆t(pL
j ) ∆t(pj )
j ) ∆t(pj )

F.13 & 14 Minimum and maximum of the parametric distances from pji−1 to pji and pji to pji+1 relative to the parametric distance
L
of pL
j to pj+1
!
!
∇t(pji ) ∆t(pji )
∇t(pji ) ∆t(pji )
i
i
,
,
f
,
.
f13
= min
=
max
14
L
L
∆t(pL
∆t(pL
j ) ∆t(pj )
j ) ∆t(pj )
These features are computed for all non-LCM points. We normalize features to have zero-mean and unit-variance. This
results in m − s feature vectors xi of 14 normalized features per point set p.
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4.2

Training set generation

For the approximation of sequentially arranged 2d points, a suitable knot vector is required. Since different knot vectors yield
different deviations of the curve from the points, a good knot vector generates little deviation with a small number of knots.
Finding the optimal knot vector is infeasible because exhaustive search for the optimal knot vector is computationally too
expensive due to its combinatorial complexity. However, using a machine learning approach to find an almost optimal knot vector,
the training point sets have to be generated only once for the pre-processing stage.

(a)

(b)

(c)

Figure 3: Three example curves from the training dataset with corresponding knot vectors. Diamonds are LCM knots and vertical
lines are knots found by exhaustive search.
The training set generation process consists of eight steps:
T.1

Generate random control points ci using the standard normal distribution with mean µ and variance σ to define uniform
B-spline curves of degree k. We shift the mean by ∆µ > 0 for x-coordinates of consecutive control points. Curves with
self-intersections are discarded.

T.2

Sample m + 1 points p = (p0 , . . . , pm ) uniformly along the curve and compute their centripetal parameters t = (t0 , . . . , tm )
[14].

T.3

Add parameter values t0 and tm of p0 and pm to the initially empty knot vector u.

T.4

Compute the LCM points of p and add the corresponding parameter values to the initial knot vector u = (u0 , ..., uw ).

T.5

e of degree k and knot vector u.
Approximate p with a B-spline curve C

T.6

e
Insert further knots from t to u to minimize the Hausdorff distance between p and C.

T.7

Repeat Steps T.5 to T.7 until a predefined improvement rate ε is achieved.

T.8

Raise the multiplicity of the end-knots to k + 1.

Remark 1. Self-intersecting curves are discarded because the sequential order of their sampled point sets is not unique. In reverse
engineering, such point sets are usually split into subsets at the self-intersection.
For our experiments we used the following parameters.
Ad T.1: We use k = 3. For the control point generation we use µ = 1 and σ = 0.5 for y-coordinates. For x-coordinates we start
with µ = 1 and increase it by ∆µ = 0.1 for every consecutive control point using σ = 0.1.
Ad T.2: We use m = 149.
Ad T.7: We use ε = 0.15.
With this setup, we computed a training set of 1, 000 curves and a test set of 250 curves. This yields point sets consisting of
173, 889 points in total. For the training, only non-LCM points are used. Figure 3 shows three example curves from the training
dataset.
Remark 2. Exhaustive search for the optimal knot vector without the segmentation at LCM points would yield better training
data, but is computationally infeasible. With the above parameters, we get an average of 6 LCM segments per curve, consisting
of 24 data points. Exhaustive search yields an average of 2 knots per curve segment. This leads to an average of 276 possible
knot placements within each segment. The average number of knots per curve (excluding u0 and un ) is 17. Overall this approach
led to 1, 656, 000 tested knot vectors for our training dataset. Searching for a set of 17 knots out of 148 possible locations without
segmenting at the LCM points would yield approximately 8.48e21 possible knot placements, which renders the generation of a
sufficiently large data set infeasible.
In our experiments, the parameters T.1, T.2 and T.7 led to a very diverse set of curves containing sections with very little
to no curvature as well as sections with high curvature and even sharp features. While we use cubic B-spline curves for dataset
generation, our approach is not limited to point clouds computed this way. An ideal data set would consist of diverse realworld point clouds, with known sequential order of points. Since no sufficiently large datasets are publicly available, we chose to
synthesize the data using B-spline curves.

4.3

SVM training

The training of an SVM requires the computation of (ω, b) and (C, γ). The parameters (ω, b) are determined from the training
set solving the optimization problem (5) with respect to (6).
Computing (C, γ) is called model selection. For model selection it is best practice to sample the (C, γ)-space at exponentially
growing values for C and γ [11]. Based on previous experiments with SVMs for geometric problems [13] we used the (C, γ)-set
T = {0.01, 0.1, 1, 100, 1000, 10000, 50000} × {0.01, 0.1, 0.25, 0.5, 1.0, 2, 5, 10}.
For each grid point of T the (ω, b)-parameters of an SVM are computed via (5) and (6). For each of these SVMs, the point
sets of the test set are approximated using the proposed knot placement method of Section 4.4 with varying numbers of knots
5, . . . , 25. The SVM which yields the minimal mean Hausdorff distance over all test curves and number of knots determines the
(C, γ)-parameters; here C = 0.01 and γ = 10.
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Algorithm 1 Score based knot placement (SKP) for curves.
Require:
t = (t0 , ..., tm ), parameter vector
s = (s0 , ..., sm ), score vector
r = (r0 , ..., rm ), prominence vector
k, b-spline degree
c, target number of knots
#( · ), number of entries in a vector
function SKP(t, s, r, k, c)
initialize u with 0 and 1
v :=vector of indices of relative maxima in s
while c > 0 do
if #(v) > 0 then
vmax :=argmax(r)
i∈v

if #(vmax ) > 1 then
` := argmax (ui+1 − ui )
i=0,...,#(u)−2

ū :=(u` + u`+1 )/2
j :=argmin(|ti − ū|)
i∈vmax

else
j :=(vmax )0
t̄ :=tj
v :=v \ (j)
else
` :=

argmax
i=0,...,#(u)−2



P

sj



tj ∈[ui ,ui+1 ]

ū :=(u` + u`+1 )/2
t̄ :=argmin(|t − ū|)
t∈t

u :=u ∪ (t̄)
t :=t \ (t̄)
c :=c − 1
raise multiplicity of end-knots of u to k + 1
return u

4.4

Score based knot placement (SKP) for curves

To place the knots for the approximation of a new point set p based on score based knot placement (SKP), first the feature
vectors xi for all points pi ∈ p are computed. If pi ∈ p \ pL , the features xi are fed into the trained SVM to compute the score
si by (8). This score is normalized to [0, 1]. If pi ∈ pL , the score si is set to one, si = 1. Note that this implies s0 = sm = 1 and
yields a score vector s = (s0 , . . . , sm ).
For a point pi whose feature xi yields a classification as knot, the score measures the certainty of the SVM for ti to be a knot.
For a point pi whose feature xi does not yield a classification as knot, the score measures how close ti is to being a knot. Thus,
using the score, positions along p can be identified, where the respective parameters have the highest SVM scores. Presumably,
these are the positions where insertion of a knot is most beneficial for the approximation. Figure 4 shows example curves colored
by score.
The identification of score maxima si for i = 1, . . . , m − 1 is based on two topographic measures. The first is the relative
maximality of a score si , i.e. si > si−1 , si+1 . The second is the so-called prominence, which measures the height of a local score
maximum si relative to the surrounding local maxima. Denote by sj and sk the closest scores to the left and right of si larger than
si . This means, sj , sk > si for j < i < k and all scores in the sub-vector (sj+1 , . . . , sk−1 ) are at most si . Then, the prominence
ri of si is defined as

ri = si − max min(sj , . . . , si ), min(si , . . . , sk ) .
For the score based knot placement, first the relative maxima in s are identified. Out of these, the scores with maximal
prominence are selected. If there exists more than one score with maximal prominence, the one closest to the midpoint of the
largest knot interval is selected. Then, the parameter tj corresponding to the selected score is inserted to u. If the list of relative
score maxima is empty, further knots are inserted in the middle of the knot interval with the largest sum of scores. This sum
of scores for a knot interval [ui , ui+1 ] is computed as the sum of scores corresponding to parameters tj ∈ [ui , ui+1 ]. Finally,
the parameter tj closest to the midpoint of the parameter interval with the largest sum of scores is inserted to u. This process
is repeated until the target number of knots is reached. The idea for this strategy is adapted from orography: if the score is
interpreted as height in a mountainous region, then firstly pick those peaks with the largest prominence and secondly subdivide
regions according to their height.
The steps for the score based knot placement are detailed in Algorithm 1. Since classification is computationally inexpensive
and has to be done only once at the start of this procedure, it has no major impact on the overall execution time.
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1.0

0.0

(a)

(b)
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Figure 4: Example curves colored by score, where high scores are red and low scores are blue, diamonds represent LCM points.

This knot placement approach ensures that every knot interval [ui , ui+1 ] contains at least one parameter tj . Thus, NT N in
(1) is regular, because (2) is satisfied. Instead of picking only parameters from t to become new knots, also averaged parameters
could be used. These do not guarantee at least one parameter in each knot interval, such that (2) is not necessarily satisfied. In
this case, numerical methods like SVD could be used to solve (1).
Most applications require approximation to a target tolerance rather than a target number of knots. This can be achieved by
starting with the minimum number of knots and adding knots using Algorithm 1 until the target tolerance is satisfied.

5

Results and discussion

In this section, we present results of curve parametrization and approximation.
Training and evaluation were parallelized on two systems with Intel-Core-i7@3, 4GHz 4-core processors, each system with
16Gb RAM. With this setup, the training data generation took 51 hours while grid-search and evaluation of trained SVMs took
42 hours. We used our complete set of 14 features for training and evaluations and did not test subsets of these features due to
the SVMs ability to discover meaningful and separable representations in high dimensional space. All methods were implemented
using MATLAB.

5.1

Parametrization results

Since the scores for the individual point samples are the basis for the knot placement strategy, it is instructive to analyze the
score distribution along the sequential point sets. Figure 4 shows three example curves colored by score. The LCM points are
marked by diamonds. They split the curve into curve segments.
There are several observations to be made. First, symmetric segments yield a symmetric score distribution. This is due to
the symmetry of the features.
Second, the score changes smoothly between two LCM-points, which is due to the smoothness of the feature between two LCM
points. At LCM points the score might be discontinuous, since the closest LCM point to the left or right changes discontinuously
in some of the geometric features, e.g. F8. Even if the curve does not vary much at an LCM-point, the scores to the left and right
can vary significantly. Intuitively, inserting a knot close to the left or right of an LCM would yield similar approximation errors.
However, the score does not only measure the local fitness of a knot but also the fitness of its enclosing knot interval. Thus,
given the refinement strategy of Algorithm 1 it matters much if the knot is inserted to the left or right of an LCM. This means,
moving a knot position slightly to the left or right will not change the overall approximation error much, knowing which segment
of the curve needs further refinement has a larger impact on the approximation error. This is consistent with the observation
of Piegl and Tiller [21] that there are flexibility intervals within which knot positions can be moved freely without changing the
approximation error much.
Third, curvature is a strong indicator for a good knot position. Curve regions with higher curvature usually have a higher
score while flat regions have lower score. However, there are exceptions. If two LCM points are close to each other, the score
in-between is low even if curvature is high. Again, the score combines the fitness of a knot with the fitness of its enclosing the knot
interval. Another factor is curvature variation. Segments with a homogeneous curvature distribution and only little variation of
the curvature direction will yield a lower average score. Especially a change in the orientation of the curvature direction as in
Figure 4c results in higher average scores for the segment with a local score maximum close to the inflection point.
Fourth, the score usually increases towards LCM-points, except for very short intervals. The increasing score can be explained
by the correlation of LCM-locations and curvature maxima, which has been recovered by the SVM. However, in close proximity
to LCM-points the score drops (see high curvature regions in Figure 4a and 4b) to maintain a minimum spacing between knots.
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5.2

Approximation results

To evaluate the effectiveness our Score-based Knot Placement (SKP) method we compared cubic curve approximations computed
by SKP, a knot placement method by Piegl and Tiller (NKTP1 ) [20], and the Adaptive Knot Placement (AKP) method [15]. Like
our approach, these methods support instant knot vector computation. We also compare our results to the Dominant-Points-based
Knot Placement (DPKP) method by Park et al. [19]. This method is not able to instantly compute the knot vector but uses
adaptive refinement which includes curve approximation for every new knot and is strongly related to optimization methods.
In the experiments, the Hausdorff distance is computed for an increasing number of knots in the approximation. For the
evaluation of curve approximation quality, the Hausdorff distance is the de facto standard [27, 3, 19]. Figure 5a shows results for
average Hausdorff distance over our test set of 250 curves approximated by NKTP, AKP, DPKP, and SKP. In the range from 5
to 25 knots, the approximation by SKP is superior to both NKTP and AKP. The SKP results are also very close to those of the
DPKP method, with DPKP performing slightly better.
In Figure 5b we compare run-times of the different algorithms for knot placement on our test set. Run-times of NKTP, AKP
and SKP increase only slightly for additional knots with all methods staying below 0.002 seconds for 25 knots. Run-time of the
DPKP method increases almost linear with the number of knots resulting in 0.168 seconds for a knot placement of 25 knots.
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Figure 5: (a) Average Hausdorff distance and (b) average run-times over the test set at different numbers of knots for NKTP,
AKP, DPKP, and SKP. Please note the non-linear scale on the ordinate in (b).
Figure 6a and Figure 7a show example point clouds which were used in the experiments. The point cloud in Figure 6a consists
of 375, and the one in Figure 7a of 235 points. Figures 6b and 7b show the point clouds together with the approximated B-spline
curves for 34 knots in 6b and 7b. Figures 6d and 7d show the difference of curve approximation methods at a detailed region.
While SKP and DPKP manage to follow the data points closely, AKP and NKTP miss highly curved and more complex sections.
Figures 6c and 7c show the Hausdorff distances for increasing numbers of knots for all methods.
Since knot placement relies on the parametrization t of the initial point cloud p, we additionally tested the chord length
parametrization for the generation of the test data and knot placement. This led to an overall increase of the approximation error
for all knot placement methods. In relation to each other, the methods performed comparably to the results presented.

5.3

Discussion

We tested our approach on the 250 point clouds of our test data set for evaluating the performance of SKP. Since SKP uses the
geometric properties of point clouds, its strength lies in the approximation of complex curves (see Figures 6d, 7d. Although the
AKP method also relies on geometric properties, it does not prioritize the order of the refinement. This leads to the method
resulting in high-quality approximations only for large numbers of knots. For very simple curves, results of SKP and NKTP are
very close, sometimes with a small advantage for NKTP. The re-computation of the whole knot vector for each additional knot in
the NKTP method leads to an oscillation in the Hausdorff distance, which can be seen e.g. in Figure 6c. The SKP method leads
to a more monotone decrease in Hausdorff distance.
The approximation quality of SKP is very close to results computed using DPKP. Like SKP, NKTP, and AKP the DPKP
method iterates until a certain error threshold is reached. At each iteration step, DPKP computes a curve approximation to
decide on segments that need further refinement. The segment with the largest data point to curve distance is selected and
refined by knot insertion. Our method is able to produce results of comparable quality, often outperforming DPKP, without any
intermediate approximation based solely on score information. Compared to the methods for instant knot vector computation,
the DPKP method is computationally expensive. For our test set the computation of 25 knots took an average 84 times longer
using DPKP than SKP. Since training data generation and training the SVM have to be done only once prior to all subsequent
knot placement tasks, they can be excluded from the performance analysis. Feature extraction has to be done only once at the
beginning of the SKP method for each new point cloud. After that, the computational performance of SKP, NKTP, and AKP is
equal since all methods instantly yield a knot vector. If the number of knots is given in advance no iterations are required.
Noisy point clouds may lead to an incorrect identification and a larger number of LCM-points. This leads to an increasing
number of maxima in the score s and a decreasing influence of the SVM on the knot placement process. For noisy point clouds
or if there is no information about the level of noise in the data, point cloud filters like [26] should be applied before LCM and
feature computation.
Recent achievements of machine learning methods, especially deep neural networks, raise the question which method to use
for the tasks at hand. For our approach, SVMs had several advantages over other methods. While methods like deep neural
1

While the abbreviation NKTP is used throughout literature it is never explained.
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networks are very flexible, they are hard to parametrize. Moderate training times, due to the small size of the parametric grid of
SVMs, enabled us to improve our methods for training set generation and knot selection. Training set generation by exhaustive
search is computationally expensive. Due to the SVMs ability to generalize well, even on smaller data sets [6], we were able
to outperform state of the art knot placement methods, using only a moderately sized training set. For neural networks there
exists an almost linear correlation between training set size and performance [29]. Using SVMs enables our method to be used for
smaller real-life data sets. While the SVM does not provide posterior probabilities of class membership, it has been shown that
the score may be used to derive such probabilities [22, 34], which makes it a suitable measure for knot placement.
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Figure 6: (a) Ordered point set. (b)Point set (black) and curve approximation by NKTP, AKP, DPKP, and ,SKP. Blue diamonds
represent the knot positions. (c) Hausdorff distance for different numbers of knots for NKTP, AKP, DPKP, and SKP. (d) Close-up
of the dashed magenta region from (b).

6

Conclusion

We propose an approach for parametrization in B-spline curve approximation. We train SVMs to estimate the fitness (score)
of pre-computed parameter values of points as knot values. Based on this score we perform knot selection using local score
maxima and subdivision of high score regions. The proposed approach is compared to two methods for instant knot vector
computation (AKP, NKTP) as well as an adaptive refinement based method (DPKP). Our approach surpasses approximation
quality of the AKP and NKTP method. The resulting approximation quality is very close to that of the DPKP method while
having significantly lower computation times. We could show that SVMs are able to learn characteristics of positions along a
curve where knot placement has a positive impact on approximation quality.
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Figure 7: (a) Ordered point set. (b) Point set (black) and curve approximation by NKTP, AKP, DPKP, and our method SKP.
Blue diamonds represent the knot positions. (c) Hausdorff distance for different numbers of knots for NKTP, AKP, DPKP, and
SKP. (d) Close-up of the dashed magenta region from (b).

Our approach is strongly depended on the training data set which limits the performance of our algorithm to that of the
training data. For future work, we will investigate the applicability of neural networks to find suitable parametrizations without
using a training data set generated by exhaustive search. Also, we would like to expand our approach to knot placement for
surface approximation. We further plan to apply deep learning techniques that render manual feature selection obsolete such as
auto-encoders.
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