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Abstract

A complete characterization of the stability-preserving exponent set for fractional Hadamard
powers of a monic Hurwitz-stable polynomial f of degree five is presented. The stability prob-
lem is reduced to the analysis of a single scalar function depending only on three parameters
formed from the coefficients of the polynomial f . This reduction leads to a unique stability
threshold p∗(f) ∈ (0, 1) such that the p-th Hadamard power of f is Hurwitz stable if and
only if p > p∗(f). Consequently, the stability-preserving exponent set is precisely (p∗(f),∞).
This threshold depends smoothly on the parameters and provides a global coordinate on the
admissible parameter region. Finally, smooth dependence is illustrated by a one-parameter
family of Hurwitz-stable polynomials whose complex-conjugate zeros approach the imaginary
axis.

1 Introduction and Preliminaries

A real polynomial is called (Hurwitz-) stable if all its zeros lie in the open left half of the complex
plane. Throughout this paper, we consider monic stable polynomials having only positive
coefficients. Their stability is characterized by the Routh–Hurwitz criterion or, equivalently,
by the Liénard–Chipart criterion, which requires the positivity of an appropriate subset of the
Hurwitz determinants [5, 7, 9].

Let

f(x) =
n∑

k=0

akx
n−k, g(x) =

n∑
k=0

bkx
n−k

be two real polynomials. Their Hadamard product is defined by coefficientwise multiplication as

(f ◦ g)(x) =
n∑

k=0

akbkx
n−k.

If all coefficients of f are positive, then, for p > 0, its p-th Hadamard power is defined by

f [p](x) =

n∑
k=0

a p
kx

n−k.

Garloff and Wagner proved that the Hadamard product of two stable polynomials is again
stable [6]. Consequently, f [p] is stable for every positive integer p whenever f is stable. This
preservation property, however, does not extend to fractional exponents.
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The first negative results for fractional Hadamard powers were obtained by Bia las and Bia las-
Cież, who showed that stability is not preserved for all real exponents p > 1 and established
sufficient conditions guaranteeing stability for sufficiently large exponents [2]. Later, Bia las et al.
proved that every stable polynomial of degree at most five remains stable for every exponent
p > 1, and constructed a degree-six polynomial whose stability-preserving exponent set is not an
interval [3].

Related questions have also been studied for Hadamard roots. Bia las and Góra investigated
the relation between Hadamard factorizability and the stability of Hadamard square roots of
polynomials of degree four [4]. More recently, Alsaafin et al. obtained a complete characterization
of the Hadamard square root for stable polynomials of degree five [1].

For degree five, so it is known that f [p] is stable for every exponent p > 1. But the behavior
of fractional Hadamard powers in the interval 0 < p < 1 remained unknown. The present paper
aims at filling this gap.

The analysis developed in this paper is based on a parameterization of the degree-five Hurwitz
region, by which the stability problem reduces to the study of a single scalar function depending
only on three parameters formed from the polynomial coefficients. This reduction yields a
complete characterization of the stability-preserving exponent set for every stable polynomial of
degree five.

Throughout this paper, let H5 denote the family of all monic stable polynomials of degree
five with positive coefficients. For f ∈ H5, define

P(f) = { p > 0 : f [p] ∈ H5 }.

Our main result is a complete characterization of the stability-preserving exponent set P(f)
for every polynomial f ∈ H5.

The characterization is complemented by several structural properties of the stability thresh-
old. In particular, we prove that the threshold depends smoothly on the parameters and
provides a global coordinate on the admissible parameter region. We illustrate its behavior by a
one-parameter family in H5.

The paper is organized as follows. Section 2 establishes the complete characterization of
the stability-preserving exponent set. Section 3 studies the smooth and geometric structure
of the stability threshold and illustrates its behavior along a one-parameter family of stable
polynomials. Section 4 summarizes the main results and discusses directions for future research.

2 Main Results

This section establishes the complete characterization of the stability-preserving exponent set for
degree-five stable polynomials. The key step is to reduce the stability conditions to the analysis
of a single scalar function.

2.1 Reduction to a Scalar Stability Function

Let
f(x) = x5 + a1x

4 + a2x
3 + a3x

2 + a4x + a5 ∈ H5,

and, for p > 0, let
f [p](x) = x5 + ap1x

4 + ap2x
3 + ap3x

2 + ap4x + ap5

denote its p-th Hadamard power.
We assume that f is stable. By the Liénard–Chipart criterion [9], this is equivalent to the

positivity of the second and fourth Hurwitz determinants of f , i.e.,

∆2(f) = det

(
a1 a3
1 a2

)
> 0,
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and

∆4(f) = det


a1 a3 a5 0
1 a2 a4 0
0 a1 a3 a5
0 1 a2 a4

 > 0.

The first inequality is preserved under Hadamard powers. Introduce the parameters

u =
a3
a1a2

, v =
a2a5
a3a4

, w =
a1a4
a2a3

. (1)

The positivity of the principal minors of the Hurwitz matrix [8, Theorem 2] implies

0 < u, v, w < 1, (2)

see also [8, formula (1.10)]. In terms of these parameters, the fourth Hurwitz determinant of f [p]

admits the factorization

∆4(f
[p]) = (a1a2a3a4)

p
[
(1 − up)(1 − vp) − wp

(
1 − (uv)p

)2]
. (3)

Since (a1a2a3a4)
p > 0, the inequality ∆4(f

[p]) > 0 is equivalent to

(1 − up)(1 − vp) > wp
(
1 − (uv)p

)2
.

Define
hf (p) = ln(1 − up) + ln(1 − vp) − 2 ln

(
1 − (uv)p

)
− p lnw. (4)

By (2), the logarithms are well defined for every p > 0. Therefore, ∆4(f
[p]) > 0 if and only if

hf (p) > 0, and the study of stability for the Hadamard powers of f reduces to the analysis of
the scalar function hf .

Lemma 2.1. Let f ∈ H5, and let hf be defined by (4). Put u = e−α and v = e−β, where
α, β > 0. Then:

(i) The function hf is strictly concave on (0,∞),

(ii) hf (1) > 0,

(iii)

lim
p→0+

hf (p) = ln

(
αβ

(α + β)2

)
< 0,

(iv)
lim
p→∞

hf (p) = +∞.

Proof. (i) Differentiation with respect to p gives p2h′′f (p) = −q(αp) − q(βp) + 2q((α + β)p),

where q(x) = x2ex/(ex − 1)2. Moreover, q′(x)/q(x) = 2/x− coth(x/2). Let r(x) = x cosh(x/2)−
2 sinh(x/2). Since r(0) = 0 and r′(x) = x

2 sinh(x/2) > 0 for x > 0, it follows that r(x) > 0, and
hence 2/x < coth(x/2). Therefore q′(x) < 0, and so q is strictly decreasing. Since (α+ β)p > αp
and (α + β)p > βp, we obtain 2q((α + β)p) < q(αp) + q(βp), and consequently h′′f (p) < 0 for
every p > 0.

(ii) Since f ∈ H5, one has ∆4(f) > 0. By the factorization of ∆4 obtained above, this is
equivalent to

(1 − u)(1 − v) − w(1 − uv)2 > 0,

and hence hf (1) > 0.
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(iii) By l’Hospital’s rule, we obtain

lim
p→0+

ln

(
1 − up

1 − (uv)p
1 − vp

1 − (uv)p

)
= lim

p→0+
ln

(
lnu ln v

upvp ln2(uv)

)
= ln

(
lnu ln v

ln2(uv)

)
= ln

(
αβ

(α + β)2

)
< 0.

(iv) As p → ∞, the first three logarithmic terms in hf (p) tend to 0, whereas −p lnw → +∞
because 0 < w < 1. Therefore limp→∞ hf (p) = +∞.

Lemma 2.2. For every f ∈ H5, the equation hf (p) = 0 has a unique solution p∗(f) ∈ (0, 1).

Proof. Existence follows from Lemma 2.1(ii) and (iii) and the continuity of hf .
Suppose that hf has two distinct positive zeros 0 < p1 < p2. By the Mean Value Theorem,

there exists ξ ∈ (p1, p2) such that h′f (ξ) = 0. Since hf is strictly concave, h′′f (ξ) < 0, and therefore
ξ is a local maximum which is also a global maximum. But this contradicts Lemma 2.1(iv).

2.2 The Stability Threshold

The properties of the stability function hf derived in Lemmata 2.1 and 2.2 are summarized in
the next theorem.

Theorem 2.3. Let f ∈ H5. Then

P(f) = { p > 0 : f [p] ∈ H5 } = (p∗(f),∞),

where p∗(f) ∈ (0, 1) is the unique zero of hf . Moreover, p∗(f) is the unique solution in (0, 1) of
the equation

(1 − up)(1 − vp) = wp
(
1 − (uv)p

)2
. (5)

Corollary 2.4. For f ∈ H5, the following are equivalent.

(i) f [1/2] ∈ H5.

(ii) p∗(f) < 1
2 .

(iii)
(1 −

√
u)(1 −

√
v) >

√
w (1 −

√
uv)2.

Proof. By Theorem 2.3, f [1/2] ∈ H5 if and only if p∗(f) < 1
2 . On the other hand,

hf

(
1

2

)
= ln

(
(1 −

√
u)(1 −

√
v)√

w (1 −
√
uv)2

)
,

so hf (1/2) > 0 is equivalent to

(1 −
√
u)(1 −

√
v) >

√
w (1 −

√
uv)2.
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Remark 2.5. The threshold p∗(f) can be computed by using the strict concavity of hf . We
first observe that h′f (p) > 0 for every p > 0. Indeed, Lemma 2.1(i) shows that h′f is strictly
decreasing, while

lim
p→∞

h′f (p) = − lnw > 0.

Thus
h′f (p) > − lnw > 0, p > 0.

Starting with p0 = 1, define

q = p0 −
hf (p0)

h′f (p0)
.

Since
d

dp

(
ph′f (p) − hf (p)

)
= ph′′f (p) < 0

and
lim
p→∞

(
ph′f (p) − hf (p)

)
= 0,

one has q > 0 (note that the linear terms p lnw cancel). Let p1 be the zero of the secant line
through (q, hf (q)) and (p0, hf (p0)), that is,

p1 = q −
hf (q)(p0 − q)

hf (p0) − hf (q)
.

Strict concavity and the sign properties of hf imply

0 < q < p∗(f) < p1 < p0.

This step can be iterated to generate a monotonically decreasing sequence (pn)n∈N converging
to p∗(f), providing at each step an upper bound for it.

We conclude this section with two examples illustrating the threshold characterization.

Example 2.6. For ε > 0, consider the family fε(x) = (x + ε)5. Its parameters are u = v = 1
5

and w = 1
4 , independently of ε. The corresponding stability threshold is p∗(fε) ≈ 0.5195, and

therefore P(fε) = (0.5195 . . . ,∞). Thus, the threshold is independent of ε, even though all zeros
converge to the origin as ε → 0+.

Example 2.7. Consider the polynomial from Example 3.9 of [1],

f(x) = x5 + 15x4 + 10x3 + 30x2 + 10x + 10.

Its zeros are approximately

−14.4485, −0.0890 ± 1.2238i, −0.1868 ± 0.6518i.

Its parameters are u = 1
5 , v = 1

3 , and w = 1
2 . The corresponding stability threshold is p∗(f) ≈

0.8449, and therefore P(f) = (0.8449 . . . ,∞). Since p∗(f) > 1
2 , the Hadamard square root is not

stable. Hence, Corollary 2.4 recovers the conclusion of Example 3.9 in [1].
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3 Smooth and Geometric Structure of the Stability Threshold

Theorem 2.3 shows that every polynomial f ∈ H5 possesses a unique stability threshold
p∗(f) ∈ (0, 1), which depends only on the parameters u, v, w. It is therefore natural to regard
the threshold as a function on the parameter space. For (u, v, w) ∈ (0, 1)3 and p > 0, define

h(u, v, w, p) = ln(1 − up) + ln(1 − vp) − 2 ln
(
1 − (uv)p

)
− p lnw,

and let
Ω =

{
(u, v, w) ∈ (0, 1)3 : h(u, v, w, 1) > 0

}
.

Then hf (p) = h(u, v, w, p) for the triple associated with f . Since h(u, v, w, 1) is continuous as a
function of (u, v, w), the set Ω is an open subset of (0, 1)3. The arguments of Lemmata 2.1 and 2.2
therefore apply to every (u, v, w) ∈ Ω. Hence the equation h(u, v, w, p) = 0 has a unique solution
p∗(u, v, w) ∈ (0, 1), satisfying h(u, v, w, p) < 0 for 0 < p < p∗(u, v, w) and h(u, v, w, p) > 0 for
p > p∗(u, v, w). The following results show that the stability threshold depends smoothly on the
parameters and provides a global smooth coordinate on the admissible parameter region.

Theorem 3.1. The map

p∗ : Ω −→ (0, 1), (u, v, w) 7−→ p∗(u, v, w),

is of class C∞.

Proof. The function h : Ω×(0,∞) → R is of class C∞. Fix (u, v, w) ∈ Ω, and let p∗ = p∗(u, v, w).
Since p 7→ h(u, v, w, p) is strictly concave, h(u, v, w, p∗) = 0, and h(u, v, w, 1) > 0, it follows that

h(u, v, w, 1) < h(u, v, w, p∗) + ∂ph(u, v, w, p∗)(1 − p∗),

whence ∂ph(u, v, w, p∗) > 0.
The Implicit Function Theorem therefore determines p locally as a C∞-function of (u, v, w).

Since the defining zero is unique by the preceding discussion, these local representations agree
wherever their domains intersect and determine a global C∞-map

p∗ : Ω −→ (0, 1).

Theorem 3.1 shows that the stability threshold depends smoothly on the parameters. Since
the defining equation can be solved explicitly for the third parameter, the threshold itself may
be used in place of w. The next result shows that this yields a global smooth parametrization of
the admissible parameter region.

Theorem 3.2. Let
Φ : (0, 1)2 × (0, 1) −→ Ω

be defined by

Φ(u, v, p) =

(
u, v,

(
(1 − up)(1 − vp)

(1 − (uv)p)2

)1/p
)
.

Then Φ is a C∞-diffeomorphism between (0, 1)2 × (0, 1) and Ω, with inverse

Φ−1(u, v, w) =
(
u, v, p∗(u, v, w)

)
.

In particular, the stability threshold provides a global smooth coordinate on the admissible
parameter region Ω.
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Proof. Let (u, v, p) ∈ (0, 1)2 × (0, 1), and let w be the third component of Φ(u, v, p). Since
0 < u, v < 1, we have

1 − (uv)p > 1 − up and 1 − (uv)p > 1 − vp.

Hence
(1 − up)(1 − vp) <

(
1 − (uv)p

)2
.

and therefore 0 < w < 1. By the definition of w,

h(u, v, w, p) = 0.

For fixed u, v, w ∈ (0, 1), the function t 7→ h(u, v, w, t) is strictly concave. Hence its derivative is
strictly decreasing, and

lim
t→∞

∂th(u, v, w, t) = − lnw > 0.

Thus ∂th(u, v, w, t) > 0 for t > 0, so t 7→ h(u, v, w, t) is strictly increasing. Since p < 1,

h(u, v, w, 1) > h(u, v, w, p) = 0.

Hence (u, v, w) ∈ Ω. The uniqueness of the zero gives p = p∗(u, v, w), and Φ is well defined.
Let (u, v, w) ∈ Ω and put p = p∗(u, v, w). Solving h(u, v, w, p) = 0 for w gives

w =

(
(1 − up)(1 − vp)(

1 − (uv)p
)2

)1/p

,

hence
Φ
(
u, v, p∗(u, v, w)

)
= (u, v, w).

Thus Φ is surjective. If
Φ(u1, v1, p1) = Φ(u2, v2, p2),

then u1 = u2 and v1 = v2. Writing w for the common third component, the first part of the
proof gives

p1 = p∗(u1, v1, w) = p∗(u2, v2, w) = p2.

Hence Φ is injective, and
Φ−1(u, v, w) =

(
u, v, p∗(u, v, w)

)
.

The map Φ is of class C∞, and by Theorem 3.1, so is its inverse. Hence Φ is a C∞-diffeomorphism.

As an application of the preceding results, consider the one-parameter family

fε(x) = (x + a)3(x2 + 2εx + 1), a > 0, 0 < ε < 1.

Its zeros are −a,−a,−a,−ε± i
√

1 − ε2, so the complex-conjugate pair approaches the imaginary
axis as ε → 0+, while fε ∈ H5 for every ε ∈ (0, 1). Expanding fε gives

fε(x) = x5 + (3a + 2ε)x4 + (3a2 + 6aε + 1)x3 + (a3 + 6a2ε + 3a)x2 + (2a3ε + 3a2)x + a3,

and hence determines the smooth curve

Γa(ε) = (uε, vε, wε), 0 < ε < 1,

where

uε =
a3 + 6a2ε + 3a

(3a + 2ε)(3a2 + 6aε + 1)
, vε =

(3a2 + 6aε + 1)a3

(a3 + 6a2ε + 3a)(2a3ε + 3a2)
,
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and

wε =
(3a + 2ε)(2a3ε + 3a2)

(3a2 + 6aε + 1)(a3 + 6a2ε + 3a)
.

Since Γa : (0, 1) → Ω is smooth, Theorem 3.1 shows that the function

ε 7−→ p∗
(
Γa(ε)

)
= p∗(fε)

is of class C∞. Moreover, p∗(fε) is characterized implicitly by

Ha(p∗(fε), ε) = 0,

where
Ha(p, ε) = ln(1 − upε) + ln(1 − vpε) − 2 ln

(
1 − (uεvε)

p
)
− p lnwε.

Differentiation with respect to ε gives

d

dε
p∗(fε) = −∂εHa(p∗(fε), ε)

∂pHa(p∗(fε), ε)
.

Figure 1 illustrates the variation of the stability threshold along the trajectory Γa(ε) for
representative values of a.

0.0 0.2 0.4 0.6 0.8 1.0
ε

0.4

0.5

0.6

0.7

0.8

0.9

1.0

p
∗
(f
ε
)

complex-conjugate roots
approach the imaginary axis

roots move deeper into
the left half-plane

a= 0.25

a= 0.5

a= 1

a= 3

Figure 1: Variation of the stability threshold along the trajectory Γa(ε) associated with fε(x) =
(x + a)3(x2 + 2εx + 1) for representative values of a.

4 Conclusion

This paper provides a complete characterization of the stability-preserving exponent set for
fractional Hadamard powers of degree-five stable polynomials with positive coefficients. Using a
parameterization of the Hurwitz region, the stability problem is reduced to the analysis of a
single logarithmic scalar function. This reduction leads to the existence of a unique stability
threshold p∗(f) ∈ (0, 1), and consequently to the complete description P(f) =

(
p∗(f),∞

)
for

every polynomial f ∈ H5.
The formulation also reveals additional geometric structure. The stability threshold depends

smoothly on the parameters, and the threshold itself provides a global smooth coordinate on
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the admissible parameter region. The one-parameter family considered in Section 3 illustrates
this geometric interpretation by showing how the threshold evolves continuously as the pair of
complex-conjugate zeros approaches the imaginary axis.

The characterization obtained in this paper relies on a feature that is specific to degree five,
namely that the stability problem is governed by a single Hurwitz determinant. Beginning with
degree six, several Hurwitz determinants interact simultaneously, making an analogous reduction
substantially more difficult. Nevertheless, the smooth geometric viewpoint developed in this
paper provides a starting point for extending these ideas to higher degrees.
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