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A real polynomial is (asymptotically) stable when all of its zeros lie in the open
left half of the complex plane. We show that the Hadamard (coefficient-wise)
product of two stable polynomials is again stable, improving upon some known
results. Via the associated Hurwitz matrices we find another example of a class of
totally nonnegative matrices which is closed under Hadamard multiplication.
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1. INTRODUCTION
The Hadamard product of two polynomials

n n—1 v
a,x +an_lx + +a1x+a0

p(x)
q(x) =b,x™ +b,_x"" '+ +bx+ b,

*Research partially supported by a sabbatical grant from the Ministry of Science and
Research Baden-Wirttemberg/Germany and DFG/NSERC Bilateral Exchange Program.
E-mail address: garloff@fh-konstanz.de.

"Research supported by NSERC Operating Grant OGP0105392. E-mail address: dgwag-
ner@math.uwaterloo.ca.

797

0022-247X /96 $18.00

Copyright © 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
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in R[x] is defined to be
(p*q)(x) =ab,x*+a,_b,_,x**+ - +a,byx + ayb,,

where k = min(n, m).

The problem of determining the locus of zeros of p = g in terms of those
if p and g has a long history. In 1895, Mal® [13] proved that if the zeros of
p are all real and the zeros of ¢ are all real and of the same sign then all
the zeros of p g are real as well. Weisner [19] generalized this result to
the case in which the zeros of p are all real and negative, while those of g
lie in a sector S, with its vertex at the origin and with aperture o < ;
then all zeros of p = q lie in S, as well. More generally, from a theorem of
de Bruijn [3] and using [16] it follows that if all the zeros of p are in a
sector S, of aperture « centered on the negative real axis, and all the
zeros of g are in a similar sector S, of aperture B, where «, 8 < , then
all zeros of p = g are in the sector S, ;.

Here we concentrate on classes of stable polynomials. A polynomial
p € Rlx] is (Hurwitz or asymptotically) stable if every zero of p is in the
open left half of the complex plane, and p is quasi-stable if every zero of p
is in the closed left half of the complex plane. Also, p € R[x] is sinusoidal
if every zero of p is purely imaginary or 0, and p is almost sinusoidal if
exactly one zero of p is not purely imaginary or 0, and is negative. This
terminology is motivated by consideration of the long-term (¢ — ) quali-
tative behaviour of a general solution to the differential equation
p(d/d)V(¢r) = 0, see Section 3.1 of [2].

Our main result is the following. The multiplicity of & as a zero of p is
denoted by mult( ¢, p).

THEOREM 1. Let F, P € R[x] be quasi-stable.

(@) Then F = P is quasi-stable.

(b) If either F or P is sinusoidal then F * P is sinusoidal. If both F and
P are sinusoidal and mult(0, F) and mult(0, P) have different parities then
F+P=0.

(¢) Ifboth F and P are almost sinusoidal and mult(0, F) and mult(0, P)
have the same parity, then F = P is almost sinusoidal.

(d)  If neither (b) nor (¢) apply then F = P has no purely imaginary zeros
except possibly at the origin.

(e) As a special case of (), if both F and P are stable then F * P is also
stable.
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As a simple consequence we have the following corollary.

COROLLARY 2. For any P € R[x] of degree n, if P is quasi-stable then
(x + )" = P is quasi-stable. If P is sinusoidal then (x + 1)" = P is sinusoidal,
and otherwise (x + 1)" = P has no purely imaginary zeros except possibly at
the origin.

The key to the proof is the Hermite—Biehler Theorem (p. 228 of [4])
whereby the problem is recast as one involving polynomials with only real
zeros. After proving Theorem 1 we apply it to a related problem regarding
Hadamard products of totally nonnegative matrices.

It is interesting to note that a similar Hadamard product result does not
hold for Schur stability. A polynomial p € R[x] is Schur stable if every
zero of p is in the open unit disc with center at 0. Clearly p = (x + 0.9)(x
+ 0.8) = x? + 1.7x + 0.72 is Schur stable but p * p = x*> + 2.89x + 0.5184
has one zero less than —2.89 /2 (in fact the zeros of p = p are —2.697...
and —0.1921...).

A polynomial is aperiodic if all its zeros are simple and negative. In
passing, we note that from Theorem 4(a), it follows that the Hadamard
product of two aperiodic polynomials is aperiodic.

2. PROOFS

Suppose that p, ¢ € R[x] both have only real zeros, that those of p are
& < - < ¢, and that those of g are 0, < -~ < 6,. We say that p
interlaces q if deg g = 1 + deg p and the zeros of p and ¢ satisfy

0, <& <60,< - <€

n = 0n+l'
We also say that p alternates left of q if deg p = deg ¢ and the zeros of p
and g satisfy

§1S01S§2S"'an$9n.

We use the notations ptfq for “p interlaces ¢,” p < g for “p alternates
left of g,” and p < g for “either pfq or p < ¢.” Of course, any polyno-
mial which stands in one of these relations a fortiori has only real zeros. By
convention, we say that for any polynomial p with only real zeros, all of
pt0, 0tp, p < 0, and 0 < p hold. A nonzero p € Rlx] is standard when
its leading coefficient is positive. For brevity, we say that a polynomial has
only nonpositive zeros to indicate that all of its zeros are real and nonposi-
tive.



800 GARLOFF AND WAGNER

THEOREM 3 (Hermite-Biehler). Let F(x) = f(x?) + xg(x?) € Rlx] be
standard. Then:

(@) F is quasi-stable if and only if both f and g are standard, have only
nonpositive zeros, and g < f.

(b) F is stable if and only if F is quasi-stable, f(0) # 0, and gcd(f, g)
=1

(¢) F is sinusoidal if and only if F is quasi-stable and either f = 0 or
g=0.

(d) F is almost sinusoidal if and only if F is quasi-stable, f + 0 and
g # 0, and either f = cg or f = cxg for some ¢ > 0. In this case, mult(0, F) is
even or odd according to whether f = cg or f = cxg.

The proof of the Hermite—Biehler Theorem in [4] covers only the case
of stable polynomials, but the statement given here can be deduced from it
easily by a limiting argument. Using Theorem 3 we reduce Theorem 1 to
the following.

THEOREM 4. Let f, g, p,q € Rlx] be standard with only nonpositive
zeros.

(@ Iff*p # 0 then f * p has only nonpositive zeros which are simple
except possibly at the origin.

(b) Ifg<fandq <ptheng=q <f*p.

(© Ifg=<fand q<p, and f, g, p,q are all nonzero, and neither
f=cgandp = c,q nor f =c,xg and p = c,xq for any ¢, > 0 and c, > 0,
then gcd(g = g, f * p) = x", where r := max{mult(0, g), mult(0, ¢)}.

Proof of Theorem 1. We may assume that F and P are standard. Since
F and P are quasi-stable, we have F(x) = f(x?) + xg(x?) and P(x) =
p(x?) + xq(x?), where f, g, p, q are standard, have only nonpositive zeros,
and g <f and g <p, by Theorem 3. Now (F * P)(x) = (f = p)x?) +
x(g = g)(x?) and by Theorem 4, f=p and g=*q are standard with only
nonpositive zeros, and g * g < f = p. This proves (a). For (b), if either F or
P is sinusoidal, then one of f, g, p, q is zero, so that one of f+p or gxgq
is zero, so that F = P is sinusoidal. If both F and P are sinusoidal with
multiplicities at 0 of opposite parity then either f=0=qgorg=0=p. In
either case, f+p =0=_g=gq, so that F= P = 0. For (c), if F and P are
almost sinusoidal with mult(0, F) and mult(0, P) of the same parity, then
f.g, p, q are all nonzero, and either f = c¢,g and p = c,q or f = ¢,xg and
p = c,xg, for some ¢, > 0 and ¢, > 0. Thus, f* p and g * g are nonzero
and either f*p =c,c,(g*q) or f+p =cic,x(g#*q), so that F= P is
almost sinusoidal. For part (d), case (c) of Theorem 4 applies, and since
ged(g = g, f = p) = x’, the only point of the imaginary axis which can be a
zero of F = P is the origin. Part (e) follows from (d). 1
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We now summarize the lemmas required for our proof of Theorem 4;
proofs of Lemmas 5 and 6 are given in Section 3 of [18].

LEMMA 5. Let p, q € Rlx] be standard with only real zeros.
@ Ifq<ptheng<p+qandp +q <p.
(b) If qtp then qtp + g andp + q < p.
(¢) Ifqtpthenqtp —gandp <p —q.
(d)  Assume that q < p, and let the leading coefficients of q and p be
C, and C,, respectively.
Then
p—q<q and p-q<p ifC,>C,
P —qtq and p—gqtp ifC,=C,,
q<p—-q and p<p-gq ifC,<C,

LEMMA 6. Let f, g4, &, € Rlx] be standard with only real zeros.
@ Ifg, <fandg, <ftheng, +g, <f.
(b) Iff<g andf<g,thenf<g +g,.
(¢) Under either condition (a) or (b), gcd(g, + g,, f) divides both
ged(gy, f) and ged(g,, f).

Lemma 7 is a useful characterization of the relation g < f, due essen-
tially to Krein. Proposition 1.6 of [17] and results of Section 3 of [18]
provide a proof.

LEMMA 7. Let f € Rlx] be standard with only real zeros. Let the distinct
zeros of fbe £, &,,..., & letf =f/(x — &), and let m; = mult(&, f) for

l<i<d.

(@ Every g € Rlx] such that deg(g) < deg(f) and m; — 1 <
mult(¢;, g) for each 1 < i < d may be written uniquely in the form

g=cof + f

HM&

where c; € R for each 0 <i <d.

(b) The polynomial g € R[x] is standard, has only real zeros, and is
such that g < fif and only if g may be expanded as in (a) with ¢, > 0 for each
O<ix<d.

(©) If g is expanded as in (@), then gcd(g, f) = 1L (x — &)™ 2,
where 6, = 1ifc; # 0 and 6,:==0ifc; =0, foreachl <i <d.
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We also need the following form of *“Newton’s Inequalities”; see Lemma
3 in Section 8.2 of [12], for example.

LEMMA 8. Let f € Rlx] be standard, say f(x) = X'_,a;x".

(@ If f has only real zeros, then a?> — a;_,a, ., > 0 for all mult(0, f)
+ 1 < i < deg(f).

(b)  If f has only nonpositive zeros, then a, > 0 for all mult(0, f) <i <
deg(f).

LEMMA 9. Let f, g € Rlx] be standard, with only nonpositive zeros, and
such that g < f. Say f(x) = L!_,a;x" and g(x) = L'_,b;x' (where b, = 0 is
possible). If there exists an index j such that a;=b,#0anda;_; =b,_, #0
then f = g.

Proof. From Lemma 5 it follows that f — (1 — £)g has only real zeros,
for all £ € R. Thus, by Lemma 8, we have

(ai -(1- S)bi)z - (ai—l -(1- E)bi—l)(aH—l -(1- S)bi+1) >0
(1)

for all indices i such that a; — (1 — &)b, + 0. Now suppose that f + g but
that there exists an index j as in the hypothesis. Then there exists such an
index j such that either a;,, # b;,, or a;_, # b;_,; we assume the former
case as the argument for the latter case is analogous. Substituting into (1)
and rearranging, we obtain

£?(b? = by_1b 1) = ebj_y(a;,1 — byyy) > 0, (2)

which is valid for all 0 # & € R. By Lemma 8 we have b? — b;_;b,; ., > 0.
Now take & of the same sign as b;_,(a;,, — b;,,), and with

|bj—1(aj+1 - bj+1)|

0<lel <
b]—2 - b}-_lb]-Jr1

This contradicts (2), completing the proof. [

To prove Theorem 4 we calculate with several additional products and
linear transformations on R[x]. Let f = X a;x’ and g = ¥;b;x’ be polyno-
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mials, and define

fOg = Y jla;bx’
J

Lf= Y a;x//j!
j

Jf = Zajxj+l/(j +1)
j

Df = ) ja;x)~*.
J

Notice that with the notation of Lemma 7 we have Df = Z;leiﬁ. We
also have the following useful computation rules; the proofs are simple
calculations which are omitted.

LEMMA 10. Forany f, g € Rlx]:

(@) The operations * and © are commutative, associative, and R-
bilinear.

(b) L, J, and D are R-linear.

) DIf=f.
(d) JDf = f(x) — f(0).
(e) Lxf=JLf.

) fO(xg) =x((Df)Og).

(@ D(fOg) = (Df)O(Dg).

(h) J(fOg) = Uf)OUg).

() L(fOg) =(Lf)Og=fO(Lg) =f=*g.
Theorem 11(a) sharpens a result of Laguerre; see [12, p. 341].
THEOREM 11. Let f, g € Rlx] be standard with only real zeros.

(@) For each k € N, JXLf has only real zeros.

(b)  If f has only nonpositive zeros then for each k € N, J*Lf has only
nonpositive zeros, which are simple except possibly for the origin.

(©) Ifg < fthenJ*Lg < J*Lf for each k € N.

(d)  If f has only nonpositive zeros and g < f and g # ¢f for all c € R
then gcd(J*Lg, JKLf) = x**™ for each k € N, where m = mult(0, g).

Proof. For (a) and (b) we use induction on deg(f), the basis deg(f) < 1
being clear. For the induction step we assume the results for f and prove
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them for (x — 6)f, where 6§ € R. By Lemma 10 we have
JEL(x — 0)f=JX(J — 0)Lf = (1L — 6D)J*"'Lf.

By the induction hypothesis J**1Lf has only real zeros, so that by Rolle’s
Theorem, DJ*"*LftJ**1Lf. From Lemma 5 we deduce that J*L(x — 6)f
has only real zeros, and that

JELFYI*L(x — 6) f. (3)

This proves (a). Furthermore, if f has only nonpositive zeros then we may
assume that 6 < 0, and by induction that J**1Lf has only nonpositive
zeros which are simple except possibly at the origin. By Lemma 7 we see
that (1 — 6D)J**1Lf < J*T1Lf and that ged((1 — @D)J**1Lf, JKT1LF) =
x” for some r € N. Thus J*L(x — 0)f = (1 — 6D)J**1Lf also has only
nonpositive zeros which are simple except possibly at the origin. This
proves (b).
For (c) and (d) we may write

c.f;

M&

g=cof +
1

i

with each ¢; > 0, by Lemma 7, with the notation explained there. Thus

d
JELg = coJ*Lf + Y ¢, J5Lf.
i=1

By formula (3) we have J*LftJ¥Lf for each 1 < i < d, so that J*Lg < J*Lf
by Lemmas 5 and 6, which proves (c).

For (d), first notice that the largest power of x which divides
ged(J*Lg, JXLf) is x**™. Thus, it suffices to show that gcd(J¥Lg, JXLf) is
a power of x. Consider any ¢ € R[x] with only nonpositive zeros. By part
(b), and since J¥Lg = DJ**'Lq, we have gcd(J*Lq, J**1Lq) = x**", where
r == mult(0, g). Thus, for any 6 < 0 we have gcd(J*Lg, J*L(x — 6)q) =
ged(J*Lg, (1 — 0D)J**'Lq) = gcd(J*Lgq, J***Lg) = xk+' Thus, for each
1 <i<d we have gcd(JXLf,, JELf) = x**%i where r, := mult(0, f,). Since
g # cf forall c € R, thereisanindex 1 <i < d with ¢; # 0. By Lemma 6,
ged(J5Lg, J*Lf) divides ged(J*Lf,, JELf), and hence is a power of x. [
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Theorem 12(a) is implied by a result of Schur [15].
THEOREM 12. Let f, g, p € Rlx] be standard with only nonpositive zeros.

(@ IffOp +# 0 then fOp has only nonpositive zeros.

(b) Ifg < fthengOp < fOp.

(© Ifg=<fand gOp =fOp # 0 then either f =g or fOp = cx” for
somec € R andr € N.

Proof. We prove (a) and (b) together by induction of d := deg(f) +
deg(p), the basis d < 1 being clear. For (a) we assume the result for f and
p and prove it for f and (x — 6)p, where 6§ < 0. By Lemma 10 we have

fO(x—0)p=x((Df)Op) — 0(fOp).

Since Dftf, the induction hypothesis implies that (Df) Op < fOp, and
since fOp has only nonpositive zeros, it follows that fOp < x((Df) Op).
Now by Lemma 5 it follows that fO (x — 6)p has only nonpositive zeros,
proving part (a), and that

fOp <fO(x = 0)p.

By symmetry, for each ¢ < 0 we also have

fOp < (x—&)fOp. (4)

To prove the induction step for (b), we show that if f, &, p € R[x] have
only nonpositive zeros and f < k then fOp < hOp. By Lemma 7 we may
write

f=coh + Zcihi,

where each ¢; > 0, with the notation explained there. By (4) we have
h,Op < hOp for each 1 <i < k. By Lemma 6 we conclude that fOp <
hOp, as required.

For (c), since fOp has only nonpositive zeros, Lemma 8 applies. Thus,
either fOp is a power of x, or it has two consecutive nonzero coefficients.
In the latter case, since gOp = fOp, it follows that f and g have a pair of
consecutive equal nonzero coefficients. By Lemma 9, since g < f this
implies that f=g. |

Proof of Theorem 4. Part (a) follows immediately from Theorems 11
and 12, since f* p = L(fOp).

For part (b), from Theorems 11 and 12 we see that if g <f then
g * p < f=p, and (equivalently) that if ¢ < p then f*q < f* p. We now
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show that for ¢ <0and 0 <0, g*q < (x — £)g *(x — 6)q. Notice that

(x—&)gx(x—0)g=(x—§)gOL(x— 0)q
=(x—£€)gO((1 - 0D)JLq)
=x(80(1 - 6D)Lq) — é(&>(1 — 6D)JLg).

By Theorem 11, JLg has only nonpositive zeros. For the first term on the
right side we have (1 — #D)Lg < Lg by Rolle’s Theorem and Lemma 5.
Thus, by Theorem 11, gO (1 — 6D)Lqg < g©®Lg, and since these polyno-
mials have only nonpositive zeros, it follows that gOLg < x(g® (1 —
60D)Lq). For the second term on the right side we have Lgt(1 — 6D)JLg
by Rolle’s Theorem and Lemma 5. It follows from Theorem 10 that
gOLg < gO (@ — 0D)JLq. From Lemma 6 we conclude that g+ g < (x —
E)g=(x — 0)q.
To complete the proof of (b), we have by Lemma 7 that

g=cof + f

||M&

and
e

q=Ssyp+ Zsjﬁja
j=1

where each ¢; > 0 and s; > 0, with the notation explained there. Hence

||M&

T en(fep) (5)

g*q=

where ﬁ) = f and p, = p. By the previous paragraph, we have ﬁ*ﬁj <
f=p for each 0 <i<d and 0 <j <e By Lemma 6 it follows that
g *q < f*p, as was to be shown.

For (c), notice that x" is the largest power of x which divides
ged(g = g, f = p). Thus, it suffices to show that gcd(g = g, f * p) is a power
of x. We may assume that f, g, p, g are all monic. If ¢ = p then g # f,
and by Theorem 11 we see that gOp < fOp and if gOp = fOp then fCOp
is a power of x. It then follows from Theorem 10 that gcd(g * p, f = p) is a
power of x. Similarly, we are also done if g = f. In the remaining case
g # f and g # p, so that in the expansion (5) there is a term with ¢; > 0
and 5; >0, with 1 <i<d and 1 <j <e. By Lemma 6, ged(g * qf*p)
divides gcd(f P f* p), where fi=f/(x - & and p,=p/(x — 6).
Since (by hypothesis) we do not have both f=xg and p =xq, we may
assume that either & + 0 or 6, # 0. Thus it suffices to show for § < 0 and
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0 < 0 with either ¢+ 0 or 6 # 0 that gcd(g * ¢,(x — £)g*(x — 6)q) is a
power of x. By symmetry, we may assume that & # 0. By the above
argument for (b),

(x—&)g*(x—0)qg=x(gO0(1 - 0D)Lq) — £(g+(x— 0)q),

and gxq <x(gO — #D)Lg) and g+ q < g *(x — 0)g. Thus, Lemma 6
implies that gcd(g = q,(x — é)g*(x — 6)q) divides gcd(g * g, g *(x —
0)q). By Theorem 12 we see that g©Og < g0 (x — 0)q and if g&g = gO (x
— 0)g then gO(x — 0)q is a power of x. Now Theorem 11 implies that
ged(g = g, g *(x — 0)q) is a power of x. This completes the proof. [

3. RELATED MATRIX RESULTS

We now turn to some matrix results related to stability and Hadamard
products of polynomials. With a real polynomial p(x) = a,x" + a, _,x"*
+ -+ +a,x + a, we associate the n-by-n Hurwitz matrix H(p) = (h;,(p)),
defined by h,,(p) =a,;_; for each 1 <i, j<n, where by convention
a,=0if k <0or k>n. Thatis,

_al as; as 0|
a, a, a, 0
0 a, a4 0
H(p) = 0 a, a, 0
0 an—3 an—l o
o 0 - a,_, a,

A real matrix M is totally nonnegative if every minor of M is nonnega-
tive; in particular, each entry of M is nonnegative. This class of matrices
has an interesting and applicable theory, as developed in [5, 10]. The
relevant theorem for us is that the Hurwitz matrix H(p) is nonsingular
and totally nonnegative if and only if p is stable and 4, > 0, see [1, 11].
Also, if p is quasi-stable then H(p) is totally nonnegative, but the
converse does not hold [1, pp. 408, 411].

Given two n-by-n matrices A = (a;)) and B = (b;;) the Hadamard
product of A and B is the n-by-n matrix A = B defined by A4 = B = (a;;b;)).
Comprehensive surveys of the Hadamard matrix product are found in [7,
8]. As shown in [9, 14], the Hadamard product of two totally nonnegative
matrices need not be totally nonnegative. However, some subclasses of
totally nonnegative matrices are known to be closed under Hadamard
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multiplication. These include:

(i) Generalized Vandermonde matrices (x%) with 1 < i, j < n, where
either the bases 0 <x, <x, < -+ <x, or the exponents ¢, < -+ < «a,
are fixed (see p. 99 of [4]).

(ii) Tridiagonal totally nonnegative matrices [14].

(iii) Triangular totally nonnegative infinite Toeplitz matrices such
that the value on the kth diagonal is a polynomial function of k [18].

(iv) Green’s matrices (g;;) which are totally nonnegative, where
8ij = Amingi. hDmaxci, j @nd ay, by, ..., a,, b, are positive real numbers (this
fact follows from p. 91 of [5] and p. 111 of [10]). More precisely, the
following is true: for any fixed number r, the set of totally nonnegative
Green’s matrices of rank at least r is closed under the Hadamard product,
cf. p. 91 of [5].

(v) Finite moment matrices [6] of probability measures which are
either symmetric around 0 or possess nonnegative support (Heiligers,
private communication).

As a consequence of Theorem 1 and the above remarks, we may include
another class of matrices in this list.

THEOREM 13. If M and N are n-by-n nonsingular totally nonnegative
Hurwitz matrices then M = N is a nonsingular totally nonnegative Hurwitz
matrix.

The condition of nonsingularity can be weakened slightly by using
Theorem 2 of [1].
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