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In this paper the problem of parameter estimation for exponential sums is onsidered, i.e., of nding the set of parameters (amplitudes as well as de ay onstants) su h that the exponential sum attains
values in spe i ed intervals at pres ribed time data points. These intervals represent un ertainties in the measurements. An interval variant of
Prony's method is given by whi h a box an be found ontaining all the
onsistent values of the parameters. Subsequently this box is tightened
by the use of onsisten y te hniques, whi h are a elerated by the introdu tion of redundant onstraints. The use of interval arithmeti results
in en losures for the onsistent values of the parameters whi h an be
guaranteed also in the presen e of rounding errors.
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1

Introdu tion

The simulation of omplex systems for a wide range of appli ations dates ba k
to the early development of modern omputers. On e a mathemati al model is
known, the system behaviour an be analysed without the need for pra ti al
experimentation. This approa h is spe i ally useful to ompute information
whi h annot easily be obtained in pra ti e or to test extreme situations. It
also be omes possible to predi t the system behaviour or to optimize system
omponents. In the following, we will onsider a family of dynami al systems
modeled by the fun tion
y(t) = f (x; t);
(1)
?
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where t represents time, and x 2 Rn is the ve tor of parameters. Ea h individual
system leads to the problem of nding onsistent values of parameters.
Let observations of the system be given, that is a series of data (y~i ; ti ),
i = 1; : : :; m, where y~i is the system output at time ti . The model-driven inverse
problem (parameter estimation problem) onsists of nding values of x su h that
the following equations hold:

y~ = f (x; t ); i = 1; : : :; m:
i

i

Unfortunately, this problem generally has no solution, sin e output values may
be impre ise and un ertain. Therefore one tries to determine values of the model
parameters that provide the best t to the observed data, generally based on
some type of maximum likelihood riterion, whi h results in minimizing the
fun tion
m

X

w (f (x; t ) y~ ) :
i

i

i

2

(2)

i=1

It is not un ommon for the obje tive fun tion (2) to have multiple lo al optima in
the area of interest. However, the standard methods used to solve this problem
are lo al methods that o er no guarantee that the global optimum, and thus
the best set of model parameters, has been found. In ontrast, methods from
global optimization [10, 11, 13℄ are apable of lo alizing the global optimum of
(2). However, this approa h does not take into a ount that the observed data
are a e ted by un ertainty. Therefore the resulting models may be in onsistent
with error bounds on the data.
To take un ertainty into a ount, we assume that the observed data are orrupted by errors, e.g. measurement errors, "i ; "i  0; i = 1; : : :; m. Then the
orre t value yi = f (x ; "i ) is within the interval [~
yi "i ; y~i + "i ℄, i = 1; : : :; m.
More generally, we suppose that yi is known to be ontained in the interval
[ai ; bi ℄. The data driven inverse problem (parameter set estimation problem) onsists of nding values of x subje t to the following system of inequalities:

a 6 f (x; t ) 6 b ; i = 1; : : :; m:
i

i

i

(3)

The aim is to ompute a representation of the set of the onsistent values of
the parameters that may help in de ision making. Interval arithmeti and in lusion fun tions for the model fun tions are used in [17, 21℄ to nd boxes generated
by bise tion whi h are ontained in ; the union of these boxes onstitutes an
inner approximation of . Also, boxes are identi ed whi h ontain part of the
boundary of or ontain only in onsistent values; boxes of this se ond ategory
an be used to onstru t an outer approximation of the set of in onsistent values. However, su h an approa h an not handle large initial boxes or problems
with many parameters. Therefore, interval onstraint propagation te hniques are
introdu ed in [19℄ to drasti ally redu e the number of bise tions.
In this paper, we on entrate on models of exponential sums arising in many
appli ations su h as, e.g., pharma okineti s [14, 26℄. It is well-known, e.g. [5℄,
p. 242, and [22℄, that parameter estimation of exponential sums is notoriously

sensitive to data perturbations. Two omplementary te hniques are applied. The
rst one is an interval variant of Prony's method [22, 25℄, whi h aims to ompute
an initial domain for the parameters to be estimated. The se ond one is applied
after problem (3) is transformed into a set of equalities and is the symboli generation of redundant onstraints in order to a elerate onstraint propagation.
The hallenge is to ompute onstraints leading to more pre ision in the numeri al pro ess, to ontrol the amount of symboli omputations and to limit
the number of redundan ies in order to avoid slow-downs of the whole solving
pro edure.
The outline of this paper is as follows. The basi s of interval arithmeti and
onstraint satisfa tion te hniques are presented in Se tion 2. The new methods
are introdu ed in Se tion 3. A numeri al example is given in Se tion 4. We nally
on lude in Se tion 5.

2
2.1

Preliminaries
Interval Arithmeti

We onsider the following sets: the set R of real numbers in luding the in nities,
the nite set F of oating point numbers and the nite set I of losed intervals
spanned by two oating point numbers. Every interval x 2 I is denoted by [x; x℄
and is de ned as the set of real numbers fx 2 R j x 6 x 6 xg.
Interval arithmeti [23℄ is a set theoreti extension of real arithmeti . The
operations are implemented by oating-point omputations with interval bounds
a ording to monotoni ity properties. For instan e, the sum [a; b℄ + [ ; d℄ is equal
to [a + ; b + d℄, provided that the left bound is downward rounded and the
right bound is upward rounded. Interval reasonings an be extended to omplex fun tions using the so- alled interval evaluation method. Given a fun tion
f : Rn ! R, let ea h real number in the expression of f be repla ed by the
interval spanned by oating point numbers obtained by rounding this real number downward and upward, ea h variable be repla ed with its domain, and ea h
operation be repla ed with the orresponding interval operation. Then the interval expression an be evaluated using interval arithmeti , whi h results in a
superset of the range of f over the domain of the variables.
2.2

Consisten y Te hniques

A numeri al onstraint satisfa tion problem (NCSP) is given by a set of variables fx1 ; : : :; xn g, ea h variable xi lying in an interval domain xi , and a set of
onstraints over the real numbers f 1 ; : : : ; m g. The solution set of a NCSP is
de ned as the set
fa 2 Rn j 1 (a) ^    ^ m (a)g;
where ea h onstraint j is onsidered as a relation.
Consisten y te hniques aim to redu e the Cartesian produ t of variables domains x1      xn , whi h de nes the sear h spa e alled a box. Most of the

redu tion algorithms are based on onstraint proje tions. The proje tion of a
onstraint (x1 ; : : : ; xn ) over a variable xi is the set

 ( ) = fa 2 j 8j 2 f1; : : :; ng n fig; 9a 2
i

i

xi

j

xj

: (a1 ; : : :; an )g:

It follows that the redu tion step
xi

:= i ( )

is reliable sin e ea h value belonging to the omplementary set annot be extended in a solution of the NCSP. In pra ti e proje tions are reliably approximated by means of interval omputations. For example the inversion algorithm
uses the so- alled relational interval arithmeti [8℄. A numeri al inversion pro edure has been des ribed as a hain rule in [16℄.
Example 1. Consider the onstraint 2x1
x22 = 4, given (x1 ; x2) 2 [ 3; 3℄  [1; 3℄.
The omputation of its proje tion over x1 by the hain rule an be explained
as follows. De ne an equivalent onstraint, where the left-hand term is redu ed
to x1 , namely x1 = (4 + x22 )  2. Evaluate the right-hand term using interval
arithmeti . The interval [2:5; 6:5℄ is omputed, and it is interse ted with the
domain of x1 . The new domain of x1 is equal to [2:5; 3℄. Thus, the set of values
[ 3; 2:5) has been shown to be lo ally in onsistent with the given onstraint.
Given a set of onstraints, onstraint proje tions have to be pro essed in
sequen e in order to obtain the onsisten y of the whole problem. The orresponding iterative algorithm is alled onstraint propagation. The result is a
new box that ontains the solution set. In order to separate the solutions, onstraint propagation has to be embedded in a more general bise tion algorithm.
Boxes are redu ed and then bise ted until every box is suÆ iently small.
2.3

Data Fitting Problems as NCSPs

Problem (3) should be transformed before propagation for two reasons. First,
the variable yi has to be expli it in order to redu e the error bounds. Se ond,
ea h data value leads to two inequalities involving the term f (x; ti ). Sin e onstraints are pro essed independently, an eÆ ient approa h onsists of sharing
omputations over this term. Problem (3) is equivalent to the following set of
existentially quanti ed equations

9y 2 [a ; b ℄ : y

i = 1; : : :; m:
(4)
an be removed, making the variables y rst- lass variables.
i

i

i

Now, quanti ers
This leads to Problem (5):

y

i

= f (x; ti );

i

i

= f (x; ti );

i = 1; : : :; m:

(5)

Problems (4) and (5) are equivalent for omputations of proje tions over the
parameters. In fa t, quanti ers just introdu e an intermediary level of proje tions, whi h is of no bene t. It an learly be seen that onstraint propagation
for Problem (5) is on average twi e as fast as propagation for Problem (3).

2.4

Exponential Sums

We onsider now a model with exponential sums, as follows:

f (x; t) =

X
p

x

2j

1

exp(

x t); n = 2p:
2j

(6)

j =1

In fa t three problems o ur when exponential sums are pro essed by onsisten y
te hniques. The rst problem is the evaluation of the exponential fun tion over
positive real numbers far from 0. For instan e onsider a term exp( tx) given
t = 100 and suppose that x is negative. If x is smaller than 8 then exp( tx)
is evaluated to +1 on a 64-bit ma hine. In this ase, interval-based methods
are powerless. This weakness points out the needs for getting an a priori tight
sear h spa e of parameters.
The se ond problem on erns slow onvergen es in onstraint propagation.
The ause is that two exponential sums from two di erent onstraints have a
similar shape. For instan e onsider the terms f1 (x) = 0:2e0:3x + 1 and f2 (x) =
0:5e0:4x, depi ted in Figure 1 (f2 has the largest slope). Domain redu tions are
numbered from 1. The rst redu tion on erns the upper bound of y using f1 .
The eliminated box ontains no solution of equation y = f1 (x), i.e., no point of
the urve of f1 . Then, the upper bound of x is ontra ted using f2 , and so on.
A similar pro ess leads to the redu tion of the other bounds. In this ase, the
number of onstraint pro essing steps using the hain rule is equal to 82.
y

1

3

4

2

x
Fig. 1.

Constraint Propagation over Two Exponential Terms.

In pra ti e, the only di eren e is that the variables are not redu ed to real
values, but that they belong to real intervals. The interse tion of urves be omes
an interse tion of surfa es. In this ase, ineÆ ien ies of onstraint propagation
remain.
The third problem is inherent to lo al approa hes, sin e a sequen e of lo al
reasonings may not derive global information. Many te hniques try to over ome

this problem, one of them being the use of redundant onstraints in the onstraint
propagation algorithm. A onstraint is said to be redundant with respe t to a
set of onstraints if it does not in uen e the solution set. Redundant onstraints
an be derived from the set using ombination and simpli ation pro edures, for
instan e Grobner basis te hniques for polynomials [7℄. The interesting feature is
that ombination is a means for sharing information between onstraints. The
main hallenge is to ontrol the amount of symboli omputations, to ompute
onstraints able to improve the pre ision of onsisten y te hniques, and to limit
the number of redundant onstraints in order avoid slow-downs in onstraint
propagation.

3

A eleration Methods

3.1

Prony's Method

Given the model (6), we wish to nd de ay onstants x2j and amplitudes x2j 1 ,
j = 1; : : :; p, su h that (5) is satis ed at equidistant ti = t0 + ih, i = 1; : : :; m,
with given stepsize h. A method to a omplish this task is Prony's method [25℄,
f. Chap. IV, x23 of [22℄, whi h dates ba k to the 18th entury. This method relies
on the observation that a fun tion of the form (6) satis es a linear di eren e
equation with onstant oeÆ ients. We on entrate here on the ase p = 2. We
hoose a xed group of four time data points, sele ted from the set f1; : : :; mg,
say f1; 2; 3; 4g. Prony's method then rst requires the solution of the following
system of two linear equations in the unknowns 1 and 2 .



y y   = y :
y y 
y
1

2

1

3

2

3

2

4

(7)

The solution (1 ; 2 ) of this system provides the oeÆ ients of a quadrati

q(u) = u

2

+ 2 u + 1 :

(8)

If the zeros u1 and u2 of q are distin t and positive then the de ay onstants are
given by fx2 ; x4 g = flog(u1 )=h; log(u2 )=hg. Finally, we obtain the amplitudes
x1 and x3 from the solution of a se ond system of two linear equations



1 1

u u
1

   

z
z

1

2

3

=

y
y

1
2

(9)

with xk = e t1 xk+1 zk , k = 1; 3.
Now onsider the interval problem (4). We want to nd intervals x1 ; : : :; x4 ,
su h that all xj 2 xj , j = 1; : : :; 4, for whi h

f (x; t ) 2 [a ; b ℄; i = 1; : : :; m:
i

i

i

(10)

By hanging to the interval data given by (4), Prony's method now requires the
solution of interval variants of the two linear systems (7) and (9) and the en losure of the zero sets of the interval polynomial orresponding to (8) 1 . Spe ial
1

A preliminary version of the interval variant of Prony's method was given in Se t.
5.2 of [12℄.

are has to be taken to nd tight intervals for the de ay onstants and amplitudes. To determine en losures for the zero sets of q in the ase that the roots
are positive and an be separated, we ompute an en losure for the largest positive root by the well-known formula and a respe tive en losure for the smallest
positive root by an interval variant of Vieta's method.
For a system of p linear interval equations in p unknowns
[A℄x = [b℄

(11)

the (general) solution set is de ned as the set

 = fx 2

p

R

j 9A 2 [A℄; b 2 [b℄ : Ax = bg:

(12)

Here we assume that the interval matrix is nonsingular, i.e., it ontains only
nonsingular real matri es. We are interested in the hull of the solution set, i.e.,
the smallest axis aligned box ontaining  .
For the system of two linear interval equations orresponding to (9), we an
easily ompute the hull of the solution set by the method presented in [3℄, f. [24℄
p. 97. The system (7) exhibits two dependen ies: The system matrix is symmetri
and the oeÆ ient in its bottom right orner is equal to the negation of the rst
entry of the right hand side. So it is natural to onsider in the interval problem
the symmetri solution set sym [1, 2℄, [24℄, Se t. 3.4, whi h is the solution set
restri ted to the systems with symmetri matri es, and the even smaller solution
 , obtained when in addition the dependen y on the rst
set, denoted by sym
entry of the right hand side is taken into a ount. With elementary omputations
(whi h are delegated to the Appendix) it is possible to determine the hulls of
these stru tured solution sets. In Figure 2, these three solution sets together
with their hulls for the following system

 [1; 3℄

[0; 1℄
[0; 1℄ [ 4; 1℄

 
1



2

=

 [ 4;

1℄
[ 1; 2℄



(13)

are displayed. The general solution set  onsists of the whole shaded region
and the symmetri solution set sym onsists of the regions shaded in medium
 . At least the
and dark grey. The dark grey region is the solution set sym
rst two solution sets an be obtained by analyti al methods, f. [1, 2℄, but are
determined here by the omputation of the solutions of a large number of real
systems orresponding to boundary and interior points of the interval matrix
and the interval right hand side.
If the interval system orresponding to (7) is singular, one should he k
whether the underlying problem is not better des ribed by a single exponential term, i.e., we have p = 1 in (6). In fa t, if

y~

i

:= x1 exp(

x (t
2

0

+ ih)) 2 [ai ; bi ℄;

i = 1; 2; 3;

(14)

holds true, then it follows that
0 = y~1 y~3

y~ :
2
2

(15)

x2
6

5 x1

−1

−1

Fig. 2.


The three solution sets  , sym , and sym
and their hulls for system (13).

We mention two possibilities for tightening the en losures for the parameters
obtained in this way: we an hoose another group of four time data points,
ompute again en losures for the parameters and interse t with the en losures
obtained for the rst group. Continuing in this way, we su essively improve
the quality of the en losures. If an interse tion be omes empty, we have then
proven that there is no exponential fun tion of the form (6) whi h solves the
real interpolation problem with data taken from the intervals given in (4).
Another possible improvement is obtained as follows: If we plug on the right
hand side of (6) the intervals xj into xj , j = 1; : : :; 4, then we will obtain an
interval fun tion. If the evaluation of this fun tion at a time data point results
in an interval whi h is not equal to or a superset of the original data interval,
we have proven that ertain measurements are not possible. If this di eren e is
large, we may on lude that measurements have not been made pre isely enough.
A salient feature of the above approa h is that if this method works, i.e.,
the two interval systems are nonsingular and the roots an be separated, we
obtain an en losure for the parameters without any prior information on the
de ay onstants and amplitudes. Su h prior information is normally required for
the use of interval methods, e.g., [20℄. Often one has to hoose an unne essarily
wide starting box whi h is assumed to ontain all feasible values of interest.
Appli ation of a subdivision method then results in a large number of subdivision
steps. Therefore, Prony's method is predestinated to be used as a prepro essing
step for more sophisti ated methods. The amount of omputational e ort is
negligible.

3.2

Redundant Computations

Several transformation te hniques [18℄ of exponential sums have been proposed,
mainly for the ase of data equidistant in time, f. Se t. 3.1. The other situation
has been studied less. However, we will see that onstraint propagation may
be greatly improved if well- hosen redundant onstraints are generated. Given
Problem (5), the basi idea is that two terms in the same olumn an be divided
to generate a redundant onstraint, as follows:
8
< uij = x2j 1 exp( x2j ti );
= x2j 1 exp( x2j tk );
(16)
: uukjij =
ukj exp(x2j (tk ti)):
The simpli ation onsists in eliminating variable x2j 1 from the last onstraint.
The system is then rewritten as follows:
8
P
i = 1; : : :; m;
< yi = pj=1 uij ;
(17)
u
x
ij = x2j 1 exp(
2j ti );
: uij = ukj exp(x2j (tk ti )); i1 =6 1i;<: : k:; 6m;m;j =j =1; :1:; :;: : p;: ; p:
The number of exponential terms in the system potentially grows from mp to
mp + 0:5m(m 1)p. In fa t the omplexity is in reased by a non- onstant fa tor
O(m). Even if the pre ision of numeri al omputations is improved by the use of
the redundant onstraints, too many onstraints to be onsidered during propagation may indu e a slow-down. We then show how to keep the same omplexity
while ltering the ne essary onstraints. Consider the rst three onstraints from
the initial system 1 , 2 , and 3 , and let j represent the j -th olumn. The symboli step is an elimination pro edure whi h ombines two onstraints in order
to remove the variable x2j 1 . The aim is to derive a onstraint whose proje tion over x2j an be eÆ iently omputed. As a onsequen e, a redundan y, e.g.,
between 1 and 2 , is equivalent to an existentially quanti ed formula, as follows:

9x

2j

1

1

^ :
2

Now, suppose that the two following redundan ies are available:

9x

2j

1

1

^ ;
2

9x

2j

1

^ :
ned by 9x
2

3

It an be shown that the third redundan y de
2j 1 1 ^ 3 is useless
for redu ing the domain of x2j . Suppose that one value of x2j does not allow
the satisfa tion of . Then either 1 or 3 is violated, and so do the rst two
redundan ies. We then on lude that is useless. As a onsequen e, it suÆ es
to onsider per olumn the redundan ies between two onse utive rows. The
number of redundant onstraints is then equal to (m 1)p.
Example 2. Consider the following instan e of (16), where variables u are omputed by simulation, given the parameter values (10; 0:5):

8
= (1; 1; 2)
>
>
< ((i;t1j;; tk2 )) =
(2; 5)
u
>
11 = x1 exp( x2 t1 )
>
:

u

21

= x1 exp(

x t ):
2 2

(18)

Now, nd x1 2 x1 and x2 2 x2 su h that the equations of (18) are satis ed. First
of all, if the domains are su h that the exponential terms are evaluated to +1,
e.g., for x1 = x2 = [ 1000; 1000℄, then onsisten y te hniques are powerless. If
the domains are tighter, e.g., x1 = x2 = [ 100; 100℄, then one box en losing the
solution is derived after 94 alls to the hain rule:
[9:9999999963; 10:000000004℄  [0:49999999988; 0:50000000013℄:
The redundant onstraint is

u =u
11

21

= exp(x2 (t2

t )):
1

If it is added to the system, the number of alls de reases to 5.
In fa t more work an be done symboli ally. Let I; J denote the domains of
ij and ukj and let K denote the domain of x2j . Then a new domain for variable
2j an be omputed by the following interval expression:

u
x

x

2j := K \

4



t

1
k

 I 

log
t
J :
i

(19)

A Numeri al Example

Software. The software RealPaver [15℄ is used for the tests. Given a model of
exponential sums and a series of measurements together with error bounds, the
aim is to ompute the onvex hull of the set of onsistent values of the unknowns.
In the following, the same tuning of algorithms is used, namely a xed number
of boxes in the bise tion pro ess and a xed maximum omputation time. This
way, the pre ision of resulting boxes an be ompared for di erent input systems.

Consider the following problem, onsisting of four time-equidistant
measurements:

Ben hmark.

xe
xe
xe
xe
1

1
1

1

Results.

2
2
19:751x2
27:434x2
4:387x

12:069x

+ x3 e4:387x4
+ x3 e12:069x4
+ x3 e19:751x4
+ x3 e27:434x4

2 [ 0:304; 0:298℄
2 [21:43; 21:86℄
2 [171:9; 175:3℄
2 [1257; 1282℄

Starting with an initial box
[ 100; 100℄  [ 10; 10℄  [ 100; 100℄  [ 10; 10℄

RealPaver omputes no redu tion. If the 6 redundant onstraints are used, then

the box is redu ed to

[ 100; 100℄  [ 1:326; 10℄  [ 100; 100℄  [ 1:326; 10℄:

There is learly a need for using Prony's method to obtain a tight initial box. For
the onsidered problem, Prony's method omputes (within 0:01s) the following
en losures for the set of parameters:
[ 6:673; 3:374℄  [ 0:130; 0:014℄  [0:911; 1:344℄  [0:247; 0:266℄:
RealPaver then omputes the following new box:

[ 5:881; 3:618℄  [ 0:124; 0:014℄  [0:977; 1:256℄  [0:251; 0:262℄:
This pre ision is improved if the redundant onstraints are used, as follows:
[ 5:872; 3:740℄  [ 0:123; 0:014℄  [0:991; 1:223℄  [0:252; 0:262℄:

5

Con lusion

In this paper, we have shown that onstraint satisfa tion te hniques have to
be improved in order to pro ess exponential-based models, whi h are often illonditioned. For this purpose, two te hniques have been introdu ed, namely an
interval variant of Prony's method and a symboli pro edure. The main goal is
to improve the tightness of the bounds for the parameters, whilst keeping the
omputation time un hanged (or improved).
In a bounded-error ontext, the problem is to solve a set of inequalities. A
powerful approa h is to use inner omputations to approximate the interior of the
solution set, whi h is often a ontinuum, using boxes. For this purpose, we believe
that three te hniques should be ombined: inner omputations using onstraint
negations [6℄, an inner box extension method [9℄ and interior algorithms based
on lo al sear h.
A serious limitation of Prony's method is that it requires equidistant time
data points. However, many examples in the literature ontain at least some
equidistant data points. If the measurements provide a group of at least four
su h points, then we an apply Prony's method as a prepro essing step to deliver
a suitable initial box. In a future paper, we will report on Prony's method for
fun tions (6) omprising three exponential terms (p = 3).
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Appendix
Determination of the hulls of the three solution sets of the linear
interval system appearing in Prony's method

It is well-known, e.g. [4℄, that the hull of the (general) solution set of (11) an
be obtained as the hull of the solutions of all the vertex systems of (11), i.e.,
the systems of real equations with oeÆ ients being identi al to endpoints of the
respe tive oeÆ ient intervals.2 Therefore, in the ase p = 2 we have to solve 26
point systems. Consider now the symmetri system



[a1 ; a1 ℄ [a2 ; a2 ℄
[a2 ; a2 ℄ [a3 ; a3 ℄

and one of its point systems



  

x
x

1
2

=

[b1 ; b1 ℄
[b2 ; b2 ℄



a a x  = b :
a a x
b
1

2

1

1

2

3

2

2

Assume that the matrix is nonsingular. Then it is easy to see that both omponents of the solution ve tor (x1 and x2 ) are monotoni with respe t to a1 , a3 ,
b1, and b2. Therefore, x1 and x2 an attain their minimum and maximum only
at the endpoints of the intervals [a1 ℄, [a3 ℄, [b1 ℄, and [b2 ℄. Sin e

x
a

1

2

x

1

=

ba

2
2 2

+ 2a3 b1 a2 a1 a3 b2
(a1 a3 a22 )2

an only take its minimum and maximum when a2 2 fa2 ; a2 g or

ba

2
2 2

2a3 b1 a2 + a1 a3 b2 = 0:

(20)

Similarly, x2 an only take its extreme values when a2 2 fa2 ; a2 g or

ba

2
1 2

2a1 b2 a2 + a1 a3 b1 = 0:

(21)

So we have to solve all possible 25 vertex systems. We additionally have to onsider point systems generated as follows: For ea h of the 24 possible ombinations

a 2 fa ; a g; a 2 fa ; a g; b 2 fb ; b g; b 2 fb ; b g;
1

1

1

3

3

3

1

1

1

2

2

2

solve the two quadrati equations (20) and (21); this gives up to four values a(2i) ,
i = 1; 2; 3; 4. Dis ard any a(2i) for whi h a(2i) 62 [a2 ; a2 ℄. Solve the point systems
for the remaining a(2i) . Thus we need to solve at most 4  24 extra point systems
altogether. After at most 96 point systems are solved, we have to ompute the
smallest box ontaining all the solutions (x1 ; x2 ) generated in this way. This box
provides the hull of the symmetri solution set.
2

For a more tra table approa h see Chap. 6 in [24℄.

We onsider now the linear interval system



[a1 ; a1 ℄ [a2 ; a2 ℄
[a2 ; a2 ℄ [b1 ; b1 ℄

  

x
x

=

1
2

[b1 ; b1 ℄
[b2 ; b2 ℄



:

(22)

This is the same system as before, ex ept that an extra dependen y, viz. a3 = b1
has been introdu ed. Note that we have suppressed the minus-sign appearing on
the right hand side of (7) for simpli ity. AÆxing a minus-sign on the right hand
side of (7) results in a re e tion of the solution set at the origin. Consider the
point system

   

a a
a b
1

2

2

1

x
x

=

1
2

b :
b
1
2

Again, assume that the matrix is nonsingular. As before, we have that x1 and
x2 are monotoni with respe t to a1 and b2. In addition, x2 is also monotoni
with respe t to b1 . This leaves

x = b a + 2b a a b b ;
a
(a b a )
x = a b 2a b + a a b ;
b
(a b a )
x = b a + 2a b a a b :
a
(a b a )
2
2 2

1

2

2
1 2

1 1

2
1 1

1

1

2
2 1

1 1

2
1 2

2

2

1 1 2

2 2
2

1 2 2
2 2
2

1 2 2
2 2
1 1
2

2
1 1

(23)
(24)
(25)

We have to solve a number of point systems, whi h fall into four ategories
(see below). After these point systems are solved, as before we have a set of
 .
solution pairs (x1 ; x2 ). The hull of all these solutions provides the hull of sym
1. Solve all 24 vertex systems of (22).
2. Solve all possible point systems, where for ea h of the eight hoi es of the
verti es of [a1 ℄, [b1 ℄, [b2 ℄ we determine a nite number of values taken from
(a2 ; a2 ), where x1 and x2 may plausibly take their maximum or minimum. Up
to four su h values are generated by (separately) solving the two quadrati
equations whi h are obtained by setting the numerators in (23) and (25)
equal to zero, i.e.,
b2a22 2b21a2 + a1b1b2 = 0;
(26)

ba

2
1 2

2a1 b2 a2 + a1 b21 = 0:

(27)

3. Solve all possible point systems, where for ea h of the eight hoi es of the
verti es of [a1 ℄, [a2 ℄, [b2 ℄ we determine a nite number of values taken from

(b1 ; b1 ), where x1 may plausibly take its maximum or minimum. Up to two
su h values are generated by solving the equation, f. (24),

ab

2a22 b1 + a1 a2 b2 = 0:

2
1 1

(28)

4. Solve all possible point systems, where for ea h of the four hoi es of the
verti es of [a1 ℄ and [b2 ℄ we need to determine a nite number of values taken
from (a2 ; a2 ) and from (b1 ; b1 ), where x1 may plausibly take its extreme
values.
We seek points a2 and b1 whi h jointly satisfy equations (26) and (28). If
we solve (28) for b1 and plug its two solutions into (26), we end up with the
ondition
a2 (d )(8d + ) = 0;
where = a21 b2 and d = a32 . Therefore, possibly valid values for a2 are

a

(1)
2

= 0;

a

(2)
2

p
= 3

; a

(3)
2

=

1p
3
2

:

However, = 0 is a degenerate ase. So if either a1 = 0 or b2 = 0 we must
work alternatively:
If a1 = 0, we may on lude from (28) that either a2 = 0 or b1 = 0. However,
due to nonsingularity, we have a2 6= 0. Therefore b1 = 0, and from (26) it
 . Similarly, if b2 = 0, we may
follows that b2 = 0, too, when e 0 2 sym
on lude from (26) that either a2 = 0 or b1 = 0. If b1 = 0 we have again
 .
0 2 sym
The numbers of point systems to be solved given above are only in the worst
ase. In general, these will be a lot less. Certainly these numbers are not minimal
and an be optimized.

